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The time evolution of unstable particles that occur in the expanding universe is investigated. The off-shell
effect not included in the Boltzmann-like equation is important for the decay process when the temperature
becomes much below the mass of unstable particle. When the off-shell effect is taken into account, the thermal
abundance of unstable particles at low temperatures has a power law behavior of temp@rature
(T/M)(T/M)«"1 unlike the Boltzmann suppressed™’T, with the powera related to the spectral rise near
the threshold of the decay and wikhthe decay rate. Moreover, the relaxation time towards the thermal value
is not governed by the exponential law; instead, it is the power law of time. The evolution equation for the
occupation number and the number density of the unstable particle is derived, when both of these effects, along
with the cosmic expansion, are included. We also critically examine how the scattering of thermal particles
may affect the off-shell effect to the unstable particle. As an application showing the importance of the
off-shell effect we compute the time evolution of the baryon asymmetry generated by the Xdaogon
decay. It is shown that the out-of equilibrium kinematics previously discussed is changed; this change becomes
considerable for large values bfH>1 whereH is the Hubble rate at the temperature equal toXHsoson
mass, while we confirm the previous result for small value§' i <1.[S0556-282198)02516-9

PACS numbsds): 98.80.Cq, 05.70.Ln, 11.30.Er

[. INTRODUCTION decreases with a power of decreasing temperature as the uni-
verse expands. Physical processes that follow after the decay
There are many short-lived particles that have existed irare then prolonged. The off-shell effect turns out to be more
abundance in the early universe whose temporary presengeominent for a larger decay rate.
did not leave behind any measurable effect. Important excep- We next consider as an illustrative application of this gen-
tions to this exist, such as the neutron which certainly is theeral result the hypotheticaX boson decay that may have
key for the explanation of the element abundance of the&reated the matter-antimatter asymmetry when they decay
present universe. [3,4]. We find that the time evolution of the baryon asym-
A theoretical estimate of the abundance of these unstablmetry is substantially changed and the severe lower bound of
particles after the cosmic temperature drops below the maghe X boson mass is considerably relaxed by the off-shell
of the unstable particle is very important for subsequent timeffect. For the first time we find that some mode of the
evolution. Most works in the pagtl] were based on the boson decay for baryogenesis is excluded due to the off-shell
Boltzmann equation that takes into account relevant reaceffect. This is the S-wave decay mode into a boson-pair.
tions in the expanding universe. The use of the Boltzmann This paper is organized as follows. In Sec. Il the theoret-
equation has however been questioned recd2ffya more ical model of unstable particle decay is explained. This is a
precise quantum mechanical description of the decay procesigld theoretical extention of the harmonic model for the
in a thermal medium should contain important off-shell con-quantum dissipation in thermal medium discusse@inWe
tributions not properly treated in the Boltzmann approachfirst present and formally solve the quantum mechanical
These off-shell effects are eminent in the low temperaturenodel of the decay of excited levels in thermal medium. A
region. Low temperature effects are clearly important in thisgreat virture of this model is that its integrability leads to
problem, since unstable particles are typically very nonrelaexplicit formulas for many quantities of interest. One can
tivistic when they disappear in the early universe. clearly see how the off-shell effect arises in these formulas.
In the present work we shall develop a general formalismExtention to the unstable particle decay in field theory mod-
of computing the time evolution of the net number density ofels can be made, but it is in general complicated and not
unstable particles and clarify the off-shell effect. The off-readily solvable. But fortunately, in a thermal medium far
shell effect appears in two ways: first, in a slower relaxationaway from the degeneracy limit which is relevant in the early
towards the equilibrium abundance and second, in a largamiverse the decay process is approximately described by
equilibrium value not suppressed by the Boltzmann factothis class of solvable quantum mechanical models extended
such ase *M'T where AM is the mass difference of the to infinitely many decay channels. In Sec. Ill the occupation
parent and the daughter particles. It is shown below that theaumber and the number density of a species of unstable par-
off-shell effect becomes dominant below some temperaturécles is calculated and its time evolution equation is derived
Teg- The abundance of unstable particles then follows then the expanding universe. The stationary abundance when
power law;n/T3~ (I'/M)(T/M)**1, wherea is a parameter the cosmic expansion is switched off is worked out, and its
related to the threshold behavior of the spectral function fobehavior at both high and low temperatures is studied in
the decay andl' is the decay rate. Thus, unstable particles dadetail. In Sec. IV we pay special attention to the off-shell
not disappear suddenly. Instead, their abundance gradualgffect and its role in cosmology. We also discuss a possible
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effect of the incoherence due to the scattering off thermal 1
particles and its role to the decay process in thermal medium. F(2)= (@)’ 2.3
In Sec. V we apply previous results to the problem of baryo- —z+E;— f dow

-z

genesis. The time evolution equation for the baryon asym-
metry is derived, including the off-shell effect. This equation o ) )
is analyzed both analytically and numerically, and a com- ©One can explicitly check that the canonical commutation
parison is made when only the on-shell contribution is re-relation

tained.
[B(w), Bf(w)]=8(w—w), (2.4

Il. MODEL OF UNSTABLE PARTICLE DECAY and the important inversion relation and the Hamiltonian

_ equivalence
We first present an exactly solvable model of the decay of

excited levels in a thermal medium, an extension being made ; ; %
to the case of many decay channels. This is a slight extention ~ b'(@w)=B'(w)+ f do’
of our previous harmonic mod¢R]. We then explain how @

the two-particle decay of unstable particles in any quantum ()o@ VE* (' +i0*

field theory can be approximately described by this class of X s(w)ole ), _((‘1 ) Bf(w'), (2.5
guantum mechanical models of infinitely many decay chan- w—o'+i0

nels. The approximation is valid for the thermal medium of

the low occupation number, the circumstance far away from - °° ot

the degeneracy limit. cl=—| doy F*(0+i07)B(w) (2.6

We assume that an excited st of energyE, is given
by applying a creation operator to the vacuyfy; |1) -
=¢'|0). There are continuously many states degenerate with H= f do wB'(w)B(w). (2.7
this, b’(»)|0) as decay states. Hete is the energy of the wc
continuously many levels. Without specifying the nature of

erns the decay as tanty relation by an “elastic” one:

F(w+i0")—F(0—i0")=27 o(w)|F(o+i0")[?
H=Ec'c+ fwdw wb'(w)b(w) =27 H(w). (2.9

- The guantityH (w) is characterized as the overlap between
+f doVo(w)(O'(w)c+cb(w)). (2.1)  the prepared state'|0) and the eigenstat)s:

H(w)=1(0|c|w)g/*. (2.9

Here w, is the threshold of the continuous states taken to b(?n the weak coupling ofo(w)<M, the spectral function
w.<E;, ando(w) characterizes the decay interaction. ThISH( ) has a Breit-Wigner form as seen from the formula
Hamiltonian is a general one with regard to the decay pro-
cess, complications being hidden in identification of the
composite operatan’(w) and the spectral form of interac- H(w)=
tion o(w). (w—E1+H(w))2+(7TO'(w))2,
As emphasized elsewhel8], the dynamical system thus

specified is exactly solvable; one may explicitly construct theyherell(w) is real and given by the dispersion integral
diagonal operator B'(w) and the eigenstate|w)g

o(w)

(2.10

=B'(w)|0) that diagonalizes the decay Hamiltonian:
(2.11
BT(w)=bT(w)+F(w+i0+)( —Jo(w)ct As is well known, there is a simple pole &%(z) in the
second Riemann sheet near the real axis which describes the

time evolution in the form of the exponential decay;
j do Jo(w)o(w’) )b"( ,)) 2.2 e 'Eit=T2 The imaginary part of this pole coincides, in the
' weak coupling limit, with the decay rate given by perturba-
tion theory:I'=2mo(E,).
Since the operator solution is known, one can explicitly
HereF(z) is analytic except on the branch cut along the realwrite down many quantities of interest; for instance the non-
axis z>w. and is given by decay amplitude of a pure unstable statf0) is given by

(1) —w—i0
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(1le MY 1)=(0|c e M cT|0)
=f dw o(w)|F(w+i0")[2e et
Wc

(2.12

We are primarily interested in the occupation number and its
time evolution in the cosmological thermal medium. Let us

first recall this quantity in the pure statg(t))=e"M!|1) at
timet,

(p(v)lctelyp(t)=(1leMcTce ™M 1) =(1[c(t)c(t)[1).
(2

Herec(t)=eMtce 't

model

ce "' is the Heisenberg operator and in this
CT(t)=—f dwVo(w)F*(o+i0")e'“! Bl(w).
’ (2.14

More conveniently, it is written in terms of the parent and
daughter operators,

CT(t)=g(t)cT+iJOcdw\/a(w)h(w,t)ei“’th(w),

(2.15
6= [ do Hwrew= [ dal(tlw)de
) ) (2.16
h(w,t)=i F*(0+i0)—ik(w,1),
k(w,t)=i e~®lg(t), (2.17

where a conditionk(w,»*)=0 is imposed such that the
asymptotic value is

h(w,°)=iF*(w+i0"). (2.18
The occupation number in the pure state is thus given by
(1lc"(Hem]1)=lgmI?.

There is a very useful waj?2] to compute the basic func-
tion g(t). One can use the analytic property 6fz) to ex-
press this function as a sum of two contour integrals a

(2.19

shown in Fig. 1; the first one encircling the pole in the sec-
ond sheet C,) and the second continuous integral along a

izt —

complex pathCy;
=g o(t) +g1(1).

Je,t e,
(2.20

Physically, this second continuous contributig(t) gives
the off-shell effect, while the pole contributiag(t) essen-

1
g(t)=ﬁ dz K2z)e
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0

FIG. 1. Contour for thew integral that separates the on-shell
contribution Cy) from the off-shell one C,). The dashed parts are

in the second Riemann sheet continued via the cut starting from the
thresholdw, .

contrast to the exponential form of the pole term(t)
«t~ "1 wherea is related to the threshold behavior of the
spectral functiong(w)~c(w—w.)% Nearo= w,.

There is an equivalent and more intuitive way to separate
the on-shell and the off-shell contributions. For this we go
back to thew integral along the real axis,

©

a(t)= f

Assuming the weak coupling](w)<<E,, one separates the
region of integration into the two parts, one around the pole,
w~E;—II(E;), and the rest of the region which is domi-
nated near the thresholé=w., for a large time. This ap-
proximation gives

o(w)
w
(w—E + (w))*+ (mo(w))?

i ot

d

(2.21

1 (Ec )
g(t) = exdiEqt—7a(Et]+ E do o(w)e',

1Y “c
(2.22

whereE_ is a physical cutoff scale of ordé&;. The first term
is the on-shell contribution, while the second is the off-shell
contribution. In computation of physical quantities in ther-
mal medium there are other energy scales such as the tem-
5PeratureT, which may replace this cutoff by the factor
e~ “/T. The important message is that the off-shell effect at
late times is determined by the integration near the thresh-
old region.

Extention to the many channel problem is straightforward.
We denote the channel by an indexand write the decay
interaction as

Fdei Joi(o) (bl (w)c+ctbi(w).  (2.23

tially gives the on-shell effect. Both terms decrease as

t—oo, but theC; integral has a power dependends in
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t t ‘0t t N Y dk;d%k; 3
B(@)=b{(w)+ F(w+i0%)| —Jay(w)c ) m(w,q)bi(w,q):fw 2m)
we [0} w—Ii0 (q 1 2)5(“’ w31 MZ)Wbl(kl)bZ(kZ)x
(2.24 H (2.33
F(z)= ! : (2.25 . m

) 2 O'i(w) U(w,a)ZZTTEi Ui(wiq):f 53(a_|21—l22)
(O3 w—Z gZH (Zwi)Fi

X 6(w—w;— wy)

(2m)®

- M|?,
Bwiwrq S%S' |

cT(t):g(t)cwiFdw h(w,t)e 'Y, Joi(w)b](w),

(2.26 (2.34

whereF;=1 for fermions and~;=0 for bosons. The decay
amplitude M should be given separately in specific decay
models. This can be thought of an extension of the discretely
many (and finite decay channel problem to the continuously
many (and infinite¢ channel problem.

The field theory model of unstable particle decay is not
exactly solvable, because the commutator among the decay
product operator,

b,T(w,t) — ethbiTe—th

—glot (Jo,(w) ih(w,)c"+bf(w))

. 2 Vod@)b(o")
+\/0'i(w)f do’

w—w' +i0"

X (ih(w,t)e'“'~ih(w’ 1)e'*"Y), 2.2
(hle.ne=ihn0emD, @29 [bib, blbJl=1=(bby+blby) (239
g(t)=j do, oi(w)|F(o+i0%)[%'“, (228 (= referring to the boson or fermion pifis not the can-
e ' nonical ong b,b™]=1 as in the quantum mechanical model.
h(w,0) =1 (F* (0+i10") —k(w.1)) (2.29  Thus, the composite operatobé(w,q) introduced by Eq.
’ o (2.33 do not obey the canonical commutation relation so
1 F(2) . crucial to the integrability. But the important case in which
k(w,t)= 2—f dz——¢'@ o, (2.30 the bilinear term in the right hand side of the commutator can
mJcyre, 2T be neglected and the replacement is made,

Note that both the analytic functidf(z) and the basig(t)
are determined by the total strength of the spectral function,

[b.b,, blbj]—1, (2.3

is identical to the solvable model in quantum mechanics.
This occurs in the circumstance under which the thermal
medium is very far away from the degeneracy limit. In this

We now consider the field theory model of unstable par-c25€ the occupation numbigrwhich is the expectation value

ticles, denoting the parent particle byand two-body daugh- of the operatorsbi*bi in the thermal medium is very small

ter particles byb;b,. The decay interaction of the unstable (fi<1), and one may neglect the bilinear term in the com-
. > S mutator above. Even in the dense, hot early universe of the
particle of a momentung is given by the Hamiltonian;

standard cosmology the low occupation number is realized.
We shall thus fully exploit this approximation in application
to cosmology.

From the definition of the spectral function a relation to
the decay rate follows:

0'((0):2 oi(w). (2.31)

a3k, d%k, .o
_ 3 e —
im—f Do (2mA—Kimk)

K9 [bl(R)b(K)c(d)+ (H.c)].

\ 8(1)1(1)2(1)q

.. MT
o(wq.q)=—5—,
q

(2.37
(2.32

with g some coupling constant. We may then identify theon the mass shell witw = wq= JMZ+¢2. The factorM/w,
decay product operator and the spectral function as represents the time dilatation effect. Off the mass shell,
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.M - higher order effect of orde®T compared to the decay rate
o(w,q)=—o( Vo?—g?), (238  of orderaM. However, this might contribute in the off-shell
q region. We shall go back to this effect when we discuss the
where the spectral function in the right hand sitlev) is the  off-shell effect in thermal medium in Sec. IV.
one in the rest frame. In the field theory of unstable particle decay one needs to
A choice of the decay model corresponds to a particulaperform renormalization. The method of renormalization is
form of the spectral function. For instance, in the fermion-€xplained elsewhers] and here we shall write for simplic-

pair (of equal massn) decay of a scalar bosop— lﬂz de- Ity quantities without renormalization, since in lowest order
. . . — of perturbation renormalization is straightforward.
scribed by a Lagrangian density 6&=ge i,

. 9°
’k e
oK)= e T e

am? \¥? IIl. GENERALIZED BOLTZMANN EQUATION
C!)2_k2

2 2
w —k )( 1—-
In order to discuss the decay process of unstable particles
(2.39 that occur in the cosmic thermal medium, one must take into
zilccount the presence of medium and incorporate the inverse
a . .
8focess that creates the unstable particle. A thermal environ-
ment is described by the density matrix denoted here,by
and one has to consider how the decay proceeds in this
mixed state. For the time being we assume that the change of

A more general, convenient parametrization of the spectr
function that becomes adequate in the temperature range
T>2m (the threshold for the decay product pas given,
using the decay ratE;

r M (w?— k2)al2 the thermal environment is minor and the back reaction of

o(w.K)= — ) 2.4 the environment change against the decay and its inverse
(0K)=5 ; — (2.40 onment. .

T \/k2+ M M process is negligible. Later when we extend our analysis to

_ ) ) ) baryogenesis, we incorporate a relevant effect of the environ-
For instance, the gaugéboson decay into a fermion-pair as ment change.

well as the scalaX boson decay given by E¢2.39 has this In the mixed state the occupation number of an excited
form with =2, while the HiggsX boson decay into a |eyel is
boson-pair has this form withk=0.

In reality, the spectral function in any non-trivial field
theory model is complicated beyond the lowest order of per-
turbation. But it turns out that what is important for our o ) )
subsequent analysis is the on-shell value of the spectral fundt is not difficult to show from the operator solution that this
tion given by the decay rat€ and its behavior near the guantity obeys the first order differential equation;
decay threshold, hence the parametem addition to the
decay rate. The value af is dictated by the unitarity relation  gf g (=
for the opening channel, thus is essentially of kinematical a—ZﬁafZIJ doVo(w)g*
origin. Both intermediate and late time behaviors of the de- ¢
cay, and important temperature dependent off-shell effects

are described by these two parameters. Hence in a sense the * *
y b x(b*(w)c>i+(c.c)+f de do’ Jo(w)o(e)

f(t)=tr(c"(t)c(t) pp). (3.0

g+iwhe - ghei“’t

[0}

detailed specification of a field theory for the decay is unnec-
essary.
The occupation number of the unstable particle decaying

in vacuum is thus given bjg(q,t)|? with x| gh* (o' ,t)e™'“"+g*h(w,t)e'
3 M - 2 2 1 ! * ’ g * !
g(cl,t):JM?ﬂq2 . do o(NVo™—q9) +i(w—0")h(o,t)h* (o ,t)—29‘{§ h(w,t)h* (o' 1)
1 2
X|F(w+i0",q)|2e'*, (2.41) xel@= bl (w)b(w"));. (3.2

wherem; are masses of decay product particles.

We should mention a limitation of our approach. We ne-
glected in our model Hamiltonian the interaction of unstable
particles with the medium, except the decay interaction. This (A)i=tr(Ap;). 3.3
guarantees a coherence of the decay and its inverse interac-
tion and makes it easy to treat the environment effect on thélthough one can writd (t) in an integrated form, this dif-
decay process. There may however be an important class &#rential equation is more useful when one incorporates ef-
thermal interactions on the unstable particle; the scatterinfect of the cosmic expansion. Another advantage of this form
off thermal light particles. If the thermal interaction of this is that the initial state dependence Yidc); is eliminated in
sort is included, it gives rise to an additional term to thefavor of the occupation numbé(t) at any timet. It is how-
spectral function. In terms of the coupling strength this is aever convenient not to eliminate the initial state dependence

We used the notation
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of environment variablegb'(w)b(w’));, when we later in- in the narrow width approximation. Thus, this equation de-

corporate the environment change. scribes the relaxation towards the environment value by the
We take the uncorrelated initial state satisfying constant ratd’.
The evolution equatiofB.6) correctly describes the relax-
(cTe);=1(0), (c'b(w));=0, ation process of unstable particle in medium beyond the nar-
row width approximation. Sincg(t)—0 and h(w,t) ap-
(b (w)b(w"))i=fi(w)s(w—w"). (3.4  proaches an equilibrium value &s-, the stationary value

of the occupation number is
Although the unstable particle may or may not be in thermal
equilibrium at much higher temperatures in the earlier epoch, o 2
the choice of the uncorrelated initial state seems reasonable, f(t)_’J'w do o()|F(0+i07)[*fi(w)=f.. (3.10
because there exists a time lag between the unstable and the ¢
decay product particles due to different interaction amon
themselves and with the rest of the environm@mt written
in the Hamiltonian abovye We imagine that when unstable
particles are about to decay, the decay interaction cannot

9f one takes a thermal distribution for the initial density ma-
trix,

keep pace with fast thermal interaction in the bulk of me- _ 74 o(w) 1
dium, hence we assume that the unstable particle has no "* ], w(w_El+H(w))2+(7TU(w))2 efo_1"
thermal contact with the medium when we start calculation (3.12

of the abundance evolution. In the end of the next section we
however estimate how the scattering off thermal particlesrne narrow width approximation(w) <E; of this gives the
may affect the decay law in thermal medium. well-known result

Introducing the rate defined by

' 1
d ~—

(which reduces to a constant rdfein the pole dominance Put this form is only approximate and is not a good one in
approximation, one has low temperatures. In low temperaturesTokE,, the w inte-

gral for f,, is dominated by the contribution near the thresh-

df o _ old; taking the form of the threshold rise(w)~c (w
aﬂ“(t)f:J do o(w)[2R(g(t)h* (v, t)e” 'Y —wy)* gives
+T(t)|h(w,1)]?] fi(w). 3.6 c » —we)®
(Oh(w, D[] fi(w) (3.6) f f dw(w we) . (313
(E;—wo)? o, ePo—1

It is instructive to first give the time evolution in the nar-
row width approximation and then explain an improved ap- , o
proximation incorporating th€, integral. Using WhenT<w. or T>wc, this further simplifies to

go(t)~e TV2HIEL, (3.7 ¢ _clatd)

—Bw.Ta+1l
x e PecTem  for T<w., (3.19
(E1— ) )

one has

g wherel'(x) is the Euler's gamma function, and
2% (gohf &) — 298|y 2

go _clatyl(atl)

1
- , for Ei»T>w,,
(El_wc)z ! ¢

(3.19

Q;I‘Z [T(1—e "2cog w—E))t)
(w—Ey)*+ a
with (x) the Riemann’s zeta function. The Boltzmann sup-
+2e "2(w—E;)sin(w—E)t]. (3.8  pressed temperature dependence of the occupation number
e E1/T nearT=E, is thus changed to the power behaved
There are oscillatory terms of frequency-efl/(w—E,), but ~ T*"! at low temperature2]. What caused this big change is
they are averaged out by the integration. From Eq(3.6)  that the full Breit-Wigner shape is cut off effectively at the
the fundamental equation in thermal medium is found to betemperatureT, since T< the center location of the Breit-
Wigner function.
We now turn to the unstable particle decay. The occupa-

df
a - TE=fi(Ey), B9 tion number for a modé is

dt
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f(IZ,t)=|g(I2,t)|2fm(wk)+f dow|h(w,k,t)|? MOMENTUM DISTRIBUTION |

1074

2 2w:)Fi
y f A%k, %k, 9 1 @w) .
(2m)2  8kikyoy 3407

X D | M2 fi(ky) Fin(ko) 83(k—ky—Ko)
spins 0

We took the massless particle for decay products such that FIG. 2. Momentum distribution for a temperature and a decay

w;=|ki|. The stationary limit of the occupation number is 3¢, T=0.07 M, I'=0.01 M. A comparison is made between the

then on-shell distribution functione™ Y"*M“T appropriate at low tem-
peratures, and the off-shell distribution @0 anda=2. Two of
these distributions should be multiplied by 0.01 to get the correct

2] (2w)Fi values.
) L ddk, I e
foc(k):f do|h(w,k,»)| f 3 . _ .
(2m) 8kikowy The total number density(t) is then obtained by sum-
ming the occupation number over modes of various particle
X 0 | M|? fi(ky) (ko) 3(K— Ky —Ky) momentunk. In an isotropic medium it is
spins
X 8(w—k;—Ky). (3.17)

1 o0
n(t)=—2 zf dk Kef(k,t). (3.29
0
In the low occupation number limit this is further simpli- i

fied since , o oy
In general, various quantities in E.6) depends ok. This

fun(Kp) Fin(Kp) =€~ Blkitka), dependence is traced to the boost of the parent unstable par-
ticle. We shall often suppress tlﬁedependence, unless oth-
which is replaced by~ #“ in the above integrand. It is thus erwise there is a confusion. The stationary number density

found that n, is determined using, for f(IZ,t); in the two-particle
decay of equal mags,
£.(K) fwd oteRe? (3.19
o ~ w > - .
k (w—wk)2+ w20 (w,K) n :i mdk szx do
” 2mw2J)o VkZ2+4m?
Separating the pole and the threshold regions for ¢his-
tegral, one has « o(w,k) 1
. (w— K2+ M?)2+ 7202 (w,k) e/ T—1"
f., IZ we_ﬁwk_’_—f dx(x3—1 a/2e—Bk X 32
(K) ez ), XD (3.22

(3.19 Throughout this work we ignored a small partldf ); the

residualll(w) that remains after renormalization.
In the low temperature range 8> T>2m the time di-
latation effect is negligible and

r s 1 © 2_k2 al2
n. fd fdk el KT

This has a narrower spread of the momentum than of order T am3lo CeBo_1)o Mat2

JMT for the Maxwell-Boltzmann distribution, and its aver- (3.23
age is of ordefT [actually (a/2+3)X T using the distribu-

tion, (3.20]. We shall later use this fact to simplify the mo- It is then analytically calculated as

mentum dependence of the effective decay rate at late times.

We plot the momentum distribution given by E@®.19 in

The last integral in this equation is given by the modified
Bessel function, and in the largeT limit it behaves as

ka/Ze— k/T. (32@

Fig. 2 to compare with the on-shell distribution relevant at n—°°~A(a)£( 1)““
low temperaturese™ VK" *MT, T3 MM '
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FIG. 3. Stationary number density given by Eg§.22 which is
divided by temperatufefor two values of the decay ratd,/M
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T/M
0.2

7

EQUAL TEMPERATURE 2 ¢

0.1

1073
/M

FIG. 4. The equal-temperature at which the on-shell and the

=0.1,0.01. The dotted lines are calculated using the approximat@ﬁ'she” contributions become equal is shown for two values of

formula, Eq.(3.25, while the broken line is the on-shell contribu-
tion alone, the first term in this equation.

{(a+4)'(a+4)T

o 1
PR
Aa)=

5 (3.29

a
2 — 4 —
16w \/ﬂ'F(z + 5

In Fig. 3 we plotted the stationary number density, Eq.

(3.22 combined with the spectral functiq2.40), as a func-
tion of T/M for two values of the decay ralé. Our numeri-

=0,2. The dashed and the dotted lines are results of the approxi-
mate formula, Eq(3.28.

M

o ¥
(2m)%A(a)T

-1
! <27>3’2A<a>r) |

(3.28

but this expression is accurate only for a very srhdM , for
instance'’/M <104 for a=0.

We now turn to the time evolution of the occupation num-
ber and the number density. The approach towards the sta-
tionary value is governed by the large time limit@ft). In

5||
a+§nn

cal computation supports that to a good accuracy the stationp o pole dominance approximation the relaxation is exponen-

ary number density,, is given by a sum of the pole and the
threshold contribution;

1 - k2 F( T)a+1 \
N,=——| dk—F—— + A(e)—| — T".
272J0  GVPeMAT_ 4 ( )M M

(3.29

This formula is accurate for any temperatiréess tharM if
the decay ratd'/M is small enough. But at higher tempera-
tures the first on-shell term in E@3.25 alone is accurate
and the off-shell power termr T**# in this equation should
be discarded.

One may define the equal temperatiig, as the one at

which the two contributions in this equation, the pole and the

tial in time and fast. On the other hand, the true late time
behavior is the power law, and this makes complete relax-
ation slower{2].

The effect of the cosmological expansion is readily incor-
porated for the number density by adding the 81 n term
where the Hubble rate

H (3.29

a 1
a 2t

We first give the result in the narrow width approximation;

threshold contributions, become equal. How this equal tem-

perature depends on the raféM is important, and it is
shown in Fig. 4 for two values aof. With the on-shell con-
tribution given by

MT 3/2
nx%(—) e MT (3.26
2
the equation that determinds, is
r M
x5 *=(2m)%A(a)—, x==—. (3.2
M Teq

for a smalll’/M. A rough analytic estimate in tHé— 0 limit
would be

dn a _ 0
a+35n=—l“(n—n (T)), (3.30
o T3 - X2
nN(T)=—| dx——. 3.3
(M) 27200 Q\PeMET? 4 (3.3

We introduced an averaged quantity over the momentum in
order to simplify the mode integral,

r= fwdk IR T, f(k,t).

0

T — 3.3
2wn(t) (332

In low enough temperatures this averaging is indeed simple;

I'~T", because the time dilatation effect given by
M/M?+k?~1—k?/2M is negligible for the slow motion
of parent particles. The equation for the number density
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¢ T(t)S(t) 1
dt’ +Y(t) ,
v lgt))? lg(t)]?

(3.40

dmy a T 45
t=—F, —=—-=, d= —. (333 o
T a T 167> N where the source ter(t) is given by

with N the number of massless species contributing to the 1 o
energy density. TJ
In the low temperature region df<M the equation is 2mTT(Y

further simplified by using the Maxwell-Boltzmann distribu-

relation in the radiation dominated universe,

should be combined with the well known temperature-time
Y<t>=|g<t)|2( f

dk szxdw[Z%(g(t)h*(w,lz,t)e’i“")
0 we

tion function of the zero chemical potential, +T(t)|h(w,k1)|?] U[Ew’k)' (3.4
erv—1
e~ (M+K22M)/T (3.34)

The stationary value of this source tefft) att—o is
A convenient evolution equation is obtained using the di-

mensionless quantities n.,
S.==, (3.42
n M [MZ% T
Y=—, u=s—=\/7— ~7=TIt. (339 o . o
T T dmy wheren,, is given by Eq(3.22. Actually, this quantity is not

] o o stationary, sir)ce the tem_peratuTegraduaIIy changes with
The time scale of variation is given by the lifetinlé ",  the cosmological expansion.

he.nce it is gsefgl to use the dimensionless tim&he evo- When the ratd’, does depend on the momentumthe
lution equation is then solution forY cannot be given in a simple closed form such
dy u |32 as Eq.(3.40.
d—=—(Y—S), S(u)z(z— e Y (3.36
T ™ IV. OFF-SHELL EFFECT
The source term varies &/ 7), with The off-shell effect appears in two ways; first, in the
slower time dependence of relaxatidg|e<t <~ 1), and sec-
_ dmy " U= \E: \/E (3.37) ond, in a larger source tern8¢T*"! at small temperature
7 M2’ n 7 ' T). Both are related to the threshold behavior of the spectral
function, o « (0—w)“.
Thus,S as a function ofr has a maximum aroung= 7. The We found elsewherb] that adding a power terigy (t) to
meaning of the quantity; is the decay raté¢’ divided by the  the pole terng(t) is an excellent approximation fgyt) in
Hubble rateH at the temperaturé=M. the entire time range, unless one looks into the very short-
One can readily integrate this equation. The solution taime region of relaxation. The power law period is repre-
the differential equation for the yield is sented by
Y(7)= f dr’ S(\/z) ei(TiT,)‘f'Y(Ti)ei(TiTi). g (t): ! Cr(a+ 1 ei(wct+7ra/2)
7 Ui 1 Qe+t '
(3.38
The first term gives the yield created from the thermal me- Ky(w,t)=—i foodt/gl(tr)e—iwt’, 4.1)
dium. For7>1, namely at times much larger than the life- t
time, t>1/T", the dominant region of the’ integral is 7
—7'<1 and the integral gives where o(w)~c(w—w.)* near the threshold an@=M
—we. With this power behavior, the ratel'(t)=
\/7 —(d/dt)In|g(t)|? is ~2(a+1)/t. The final yieldY=n/T? is
Y(T)“S( o 839 then of order,S,x(I'/M)(T/M)**1, Thus, the yield does

not decrease as rapidly as might have been expected from the
This is in general valid unlesg< 7., where the critical exponential decay law, but it decreases with a povér,*
value 7,= 1. The yieldY thus roughly follows the thermal ot~ (¢*1)/2
value S(T). A complication arises when one incorporates dependence

There is some lesson one can learn on the more generah the particle momentum. This effect appears in two ways;

case of the mode independeli{t) = — (d/dt)In|g|?, from first, in the time dilatation of the lifetime, /M and second,
this calculation in the pole dominance approximation. It isin the functiong(k,t). The time dilatation effect is negligible
obvious that even for the more general case the general sd-one only considers the temperature rangeTefM (the
lution to the mode-summed form of E@.6) extended to the mass of unstable partigleWe shall thus discuss the momen-
expanding universe is given by tum dependence of the off-shell contributiongtog, (k,t). In

043507-9



I. JOICHI, SH. MATSUMOTO, AND M. YOSHIMURA PHYSICAL REVIEW D58 043507

the C; contour integral of Fig. 1 one has an approximateerages the rate and increases the resolution Aintowards
expression of the form, witlv.=k, the lifetime 1I". Moreover, the late time behavior is insen-
sitive to whether one uses the exact ra{é,t) or the effec-
tive ratey(k,t) above. It is thus a reasonably good approxi-
mation to use the average ra8).

In a still further simplification one may neglect the mo-
We then use the spectral for(8.40 or its low temperature mentum dependence ig,(k,t)|>=k® and replace the mo-

ikt o
g1(k,t)y~i— | dy o(k+iy,k)e Y. (4.2)
M2Jo

approximation, mentum by its average in low temperaturk®;~O[ 1] X T2,
r( K2) a2 The relationk*=T¢ is consistent with the late-time momen-
o(w,K)~=— w—, (4.3)  tum distribution of the stationary occupation numtbg(l?),
2m M« as discussed in E¢3.20. We have checked that the follow-
ing crude rate equation,
to get
_ dy
e |\ T ke .= YYo= So), (4.9
g1k, t)=i(21)¥T §+1 ZW. (4.4
r at+4
-Ir a—3
An approximate evolution equation is summarized using t+(a+2)B(O‘)(M) (M) (I't)
the dimensionless time variable; =I't, and the time- Y= T\@ ,
temperature relatio/M = \/'5/ 7, e Ity B(a)( ) (ﬁ) (I't)~
dy focolkk2 ol (4.10
a7 Om?’(,) k(1) L @
Yo= f dk , (4.1)
d o(w,k) 1 ) 5 0 27213J0 e\/k2+|v|2/T_1
, (4.5
kK (w—wp)?+(T/2)2 efo—1
o
ek 1@ N {(a+ DT (a+4)T §+1 /T atl
== f(t), (4.6 - 5 MM
T3Jo 272 2 a2
16m ﬁr( >+ 5
(k)= =298~ Inge(t) + ga(k.1)) @12
YK, =- =7 1ng g ’
rdt 0 ! is a reasonably good approximation. We may Bier)
d =T (3a+3)/T(3a+3), sincek*=B(a)T* for the late-time
m|go(t)+91(k,t)|2 distribution function already discussed. The source term is
=— S 4.7 separated into the on-shell contributi¥g plus the off-shell
|go(t) +91(k,1)] contributionS,.

There is a second temperatufg or time at which the
off-shell effect becomes conspicuous. This is the time when

the two terms ofg(t) becomes equalgy(t)|?>=|g(k,t)|?.
Using the formula above, one gets in the-0 limit

Thus, the momentum dependenggk,t) is convoluted

with other momentum dependent functions in khimtegral.
In low temperatures the most important part of this momen-
tum dependence is in the spectral functiefw,k) which

vanishes at the thresholdy;=k for the massless daughter T, 7

particles. In some sample numerical computations that in- -~ —_— (4.13
X : M M

clude the phase factor iy (k,t), we observe oscillatory be- (a+4)InT

haviors around the transition time from the pole to the power
period that occurs at T, given by Eq.(3.28. In the rest of
the time region the yield’ smoothly varies, and it is very
well described by using a simplified effective rate,

Unlessz is small[roughly »<<1/In(M/T)], T, > T¢q usually.
The transitional period then lasts for a while & >T
>Teq. Thus,T, is the temperature at which the slower de-

d crease of the remnant becomes apparant, Whilés the one
——(|go(V)|%2+]g1(k,1)[?) at which the larger source term becomes visible.
y(k,t)— y(k,t) = — I dt _ The late time limit of solution to this equation can be
|go(1)]|2+]g1(k,1)|? analytically worked out. Since the on-shell source téfgris

(4.8 exponentially small at late times whan< T,

The oscillatory behavior in the transition region gets dy  a+2
smoothed and approachggiven above when one time av- dr

Y-Sy). (4.14
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1 cases separately. First,s=1, T4=M and the decay and its
n TIME EVOLUTION ! inverse decay frequently occur at temperatures betwgen
T 1 and the threshold/, maintaining the thermal abundan¥e
) =Y,. At T<M the inverse decay is less frequent than the
105 ) ™ decay and there is a Boltzmann suppressioff’™ until the

temperature decreases downTQ. (In the case ofp=1,
T, >Teqalways) Thus, the importance of the off-shell effect
is measured by how large is the quantity,

100! : ] e _ 7
1 0.1 0.01 M In(M/T)’ (4.17

(@) ™™
if this number is less than unity. It however often happens
1 that »>1 is huge and’, >M=T,,, as it occurs for instance
% in the top and the weak boson decay. In this case a true

measure of the off-shell importance is given by how large
] ] the value ofToo/M~1/(In M/T) is.

105} RN 01] On the other hand, if7<1, thenTy<M, and the decay

B N does not occur untif< Ty, much below th&) value. In this
case the off-shell importance is determined by how large

, ONSHELL™R, 022 g 03y Max(Teq, T, ) 1 1

1olo . . ——— =Max (4.18

1 0.1 0.01 Ty M™ [m
(b) ™ \/ZIHF |nF

FIG. 5. Time evolution of the yieltY = n/T for different values
of 5, 0.1 (@ and 1 (b) and for different decay rated,/M is.

=0.1,0.01. For comparison the on-shell evolutitime broken ling In these two cases of both large and smglla large
and the late time form, Eq4.15 (the dotted ling are shown. decay constant of for examplE/M =1—10 2, is expected

to give a large off-shell effect irrespective of thevalue.
This equation is readily solvable, and in the- o limit This is physically reasonable since for a large coupling the

narrow width approximation is expected to break down.
a+l . K .

_( _) . (415 We now turn to the scattering effect mentioned in Sec. II.
M\ M We first give a crude estimate and later elaborate more quan-
titatively. The loss of coherence due to the scattering off
This asymptotic form becomes relevant, starting atTq. thermal particles occurs in an inverse time scale of order

We show some numerical results in Fig. 5 and compare _
with the simple analysis. Besides important parameters in v
the time evolution are the ral&¥ M and » that appears in the 75~ Ner(T) 27 (4.19
time-temperature relatio(B.37). It is clearly seen that the .
yield Y=n/T? is accurately given by the on-shell formula at wherev, is the averaged cross section of the scattering in-
high temperatures and by the power law form@ald at teraction with the thermal medium. This gives a new term to
low temperatures, with a transition region ak/M the spectrabr of order
~(severak 10)" 1.

One may summarize this result, by saying that the time 4(2s+1)¢(3) aiT?
evolution gives the yieldr(t), starting from the stationary 05~ 372 M2
value S, (T) at high temperatures and ending ata(2

+4)/(a+3)S.(T) at low temperatures. The transient tem-\yhere o is the strongest dimensionless coupling with the
perature is characterized by the temperature of Ofgr  medium and 2+ 1 is the spin degrees of freedom. We took

2a+4 nx_2a+4A r
T ar3 2 ar3 @

(4.20

—T, and the yield below this temperature follows the Thomson type cross sectionw2/M2. This is a small
T \etl addition to the on-shell ratB/27, due to the extra coupling
Ywqu< T q) (4.16  factor and the temperature suppression. More important is its
e possible contribution to the late-time and the low-

temperature region. Its contribution to the occupation num-

Importance of the off-shell effect is measured by how ) ; .
ber in the stationary limit,

close the temperature Mak( , T, for the onset of the off-
shell effect is to the temperarure scale for the decay. This 1 (=
temperature is estimated as follows. One first defilgdy 5f .~ _f do oe P, (4.2
['=H(Tg), which givesT4=nM. We then discuss two M2 o,
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gives V. SPECIES EVOLUTION EQUATION
AND BARYOGENESIS

It is of great interest if one can predict consequences of
(4.22 he modified abundance of unstable particles during their de-
cay that become permanently imprinted in the rest of the
. cosmic evolution. In this respect it is important to clarify a
We have so far ignored the momentum dependence of thg, e change of the thermal environment due to the decay.
spectral functiorrg(w,q). Indeed, the above estimate of the The mere increase of the total number of decay products is
spectral function is valid only near the mass shell. The corhardly recognizable in thermal medium. One should examine
rect formula including the off-shell contribution is a more detailed distribution of particle species in the process
of unstable particle decay. As an important example of this
. uScf d3k — class, we shall discuss baryogenesis in a simplified model.
os(w,q)= 5 f 3e_ﬁk0(w+k— V(k+q)?+M?). To this end we need to introduce several decay modes
™) (2m) distinguished by a flavor index of the continuous state
(4.23 b;f(w)|0>. In the problem of baryogenesis we think of many

his o h ] ) ftsh Ichannels of different baryon nimbers such as the diquark
This gives to the stationary number density an extra off-s etqq) and the quark-lepton pairg(), considering the decay

term for the scattering effect, of anti-X boson along with theX-boson. It is presumably
better to consider channels of differeBt-L such asN

5nw:$f d’q f dew e B Gs(w,a) —IH, TH (whereN is a heavy right-handed Majorana neu-
2

©

_4(2s+1)¢(3) 2(T)4
fomr——— a7 -

372 M

(2m)3 trino, andH is the Higgs doublgt in view of that the baryon
and the lepton numbers are redistributed at lower tempera-
tures by the baryon nonconserving electroweak process
keepingB—L unchanged6-9|.

The basic assumption taken in estimating the environment
This formula is valid only when deviation from the thermal change is that there exists baryon conserving strong interac-
distribution is small. Compared to the on-shell vaiyg, this 10N @among environment particles such that the kinetic equi-
sn.. is smaller by a factow?(T/M). Thus, when the off- !lorium among them is readily established, leading to the
shell contribution of order,IE/M)(T/M)“*lT?’, dominates enwrpnment partlcle d|.st'r|but|on Qescrlbed by a ”‘erf“a' dis-
over the on-shell valuay,, the scattering effect to the source tr|_but|on function of a finite chemical potential associated
term S may be ignored. with the baryon number,

The scattering effect also gives a new late-time contribu-

~30ZMT ny(T). (4.24)

. 1
tion; ; . _
<bj(w)b](w)>| eﬂ(w*ajﬂ)_l-' (51)
d*q _ . 1 [ ddq L ' "
J 399(q,t)= _2J 3J’ do oy w,q)e'® Here; is the baryon number of the speciedn subsequent
(2) M (2m) application to baryogenesis the limit of a small chemical
22s+1) , T s potential is relevant. Thus,
~ a N )
371_2 SMZ t th

d
<bf(w)bj(w)>i%(1—am£> (5.2

Bo_ 1"
. I e 1
to be compared to the previous off-shell contribution,

It is useful to note the conservation of particle number,

dSq R r/T ald+3/2 M2
[ S oo LT[ o

3 al2+1" el T ) —
(2m) (Mt) 426 dt<cT(t)c(t)+Lcdw; bj(w,t)bj(w,t)) 0, 63

Note thatng,(T)<(T'/M)(T/M)<*1T3 in the temperature re- which holds as an operator identity. It is easy to confirm that
gion of our interest. Thus, the scattering effect appears ned!
ligible, because the temperature inequality usually obeyed,

(bl (0)b(@"))i* Sjkd(w—w'),

T F 1/3

_ <0 , (4.27) d f * i , .

M ( e M o wcdw; (b/(w,H)bj(w,1))—0, (5.4)
gives a smaller late-time contribution than E4.26). ast—oo, but a net baryon number may be generated, since
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d partial rate,o;(w) = y; o(w), where the species indti)endent
mf d‘"E “J<b (@,0)bj(w,1))#0. (5.9 o(w) is the total spectral function common ¥and X due

to theCPT theorem. Thugjy;= ZJyJ 1. This approxima-
One can write down a set of time evolution equation oftion is excellent if the decay products are much lighter than
each species along with the one of the parent unstable paghe unstable particle, as it happens in ¥elecay into ordi-
ticle. These equations are not particularly illuminating. Wenary fermions. The fundamental baryon asymmetwhen a
shall directly work out the situation relevant to baryogenesis i ot x andX bosons decay arises via a combined effect of

In this problem the environment is gradually changed by th aryon nonconservation ar@P violation [10] such that for
presence of a small chemical potential associated with the
some partial rates'ﬂé ;- Itis given by

baryon number. We imagine that the bulk of thermalization
processes not included in the decay interaction conserves the

baryon qumper, and the time variation of the net baryor_l € EE (v~ 7)) (5.7
number is driven by the asymmetry generated by the pair ]

decay ofX and X. One thus expands in power series of the

small chemical potential and identify the baryon numberWe consider both the fermion-pair deday] and the boson-

density of the thermal environment; pair decay{12] of X boson. It is thus convenient to param-
etrize the spectral function as in E@.40),

1 fw
ng=——| dk k22 ( +(a;— —aj) 2yal2
° 2ntlo A T rlwkg= o M@K (5.8
27 wy M«
2 e
T2 J d dwy eBok— (5.6 where a=2 for the fermion-pair decay and=0 for the
ke 1

boson-pair decay.
Furthermore, we only consider for simplicity the case of To lowest order of the asymmetry and the chemical
many decay modes whose rates differ only in the overalpotentialu, the basic evolution equation is

d+3a
dt “a

=dk K2
nff()?(rk(t)( (fxtfo+5 (fx fx ) fdw a(@)[Tx(D)[h(w,1)[?

th( w)

+29R(g(t)h* (w,t)e "t ]fi w)+—f do o(0)[T(t)|h(w,1)]?+2%((t)h* (o,t)e” ""t)]

) — & dff(w)
+2u ; af(yi+ty) = o f do o(w)Rh(w,h)——], (5.9
d a =dk K w B )
gt 735/ (Nxtma) = > —Fk(t)(fx+f§)+2j do[T()[h(w,t)[>+2R(G(h* (0,h)e™'“)]o(w) N (w) |,
0 T @¢
(5.10
~dk K , . t“(w>
—x T3 (Nx—ny) = — DO (fx—f0 - Mﬁf doo(w)[T(b)[h(w,t)[*+2R(@t)h* (o,h)e™ ) ]——0).
dt "a 0 2m?
(5 11
|
Here —
(@)= (5.12 We first consider the pole dominance approximation. In
efo—1 this approximation a simple relation,
is the thermal occupation humber for the zero chemical po- Rh,=R| - 9|h|2+gh* e et (5.19
tential and 9 P
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holds. Using the relation of the baryon number density and n th

! . Ng - No
the chemical potential, Yg= 'IT3 Y_= F Yo= F (5.2
2
e~ 32 'uT (.19 Solutions to this approximation will be compared to a more
precise numerical result.
the relevant evolution equation is A comparison with previous workjsl 3,14 reveals some
differences. In our treatment two-body processes
d N ni b/ (®)|0)bf(w)|0) are not included(In the terminology
gt +3 ng=eI'(n,—ng)+I'én_—=T e of [13] this corresponds to the off-shell two-body contribu-

tion and their on-shell two-body term is automatically in-
cluded in our approach, tgoThis is a higher order effect,
hence was neglected in the present work. The major differ-

i+3§ =—T'(n,—nM (5.17) ence absent in the past work and included here is however
dt "a * ' the off-shell effect, as will be discussed shortly.

An improved, but a still simple approximation that incor-
d a 3 no porates the power law period of decay is to add the two
a+3a n_=-I'n_+ > T—nB, (5.18 contributions in the exponential and the power law periods

incoherently, ignoring the interference between the pole and
o the power terms. This introdgces a time, or temperature de-
n”‘:(m) o MIT (5.19 pendence of the rateé(t) that includes the off-shell effect.
0\ o ' : Another simplification is necessary for a practical compu-
tation of momentum integrals containing the momentum de-
=dk 12 »dk IR pendent effective rate and the time dilatation factor. It is not
n+:f ——(fy+ 1), n*:f ——(fx—1%), difficult to partially include the momentum dependence in
0 4rm? 0 4rm? quantities such as
(5.20

»dk k®— ® o(w,k) 1
dw .
k (0—wy )%+ (ro(w,k))? ef—1

(5.2)) (5.26

62 1(7]+71

3 3

Indeed we did perform these momentum integrations in our
numerical analysis. But unless the integro-differential equa-
tion for the occupation number, instead of the ordinary dif-
ferential equation for the number density, is directly solved,

. it is difficult to deal with the momentum dependence in the
“convolution integral containingy and fx in Egs. (5.11).

This is because these distributions are unknown before we
fkhow the complete answer to the problem, which is a formi-
dable task. Thus, we made a replacement of the momentum

We simplified the equation, using the condition of very low
temperatureT <M. In the numerical computation below, we
allow the temperature regioii,~M.

Since the bulk of the cosmic medium is in thermal equi
librium, the usual temperature-time relatid8.33 holds.
One can then integrate the equation for the average numb
density (5.17), which gives a source terrig to the rest of

equations; factor by a temperature factor in those terms contairfing
et andfy:
Yo(7)=7" T .
. I'Ga+3) .
. | k _)—F i3 T, (5.27)
:(2w)3/2(eff dx 34X~ KT _  3l4g— 7 (5a+3)
n using the momentum distribution function relevant at late
+ 3g=(r=m) ; , (5.22  times.
T It turns out that the rest of the detailed momentum depen-
dence integrated numerically is not crucial; its variation only
dYg K changes the transient time dependence around the tempera-
Gr = 7 YoYet Y. _+e 7 s, (5.23  ture T, and quantities in the rest of the time region are

insensitive to this momentum dependence. We therefore
~ write down a simplified rate equation replacing the momen-
dy_ 6 tum dependence by its average above. In terms of the net

dr —Y_+ EYO Yg, (.29 numberY_.=n. /T* and the rescaled time =T,
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dy,

ar ==y(Y, =Yoo= S), (5.283
dy_ S

g, = N Y-—3(Y1+S)Ys/, (5.280

dYg
a7 €Y, +0Y_—€e(YotSy)

58
- ?(Yl+ Sl)YB) —c(Y1+S,)Yg, (5.289

at+4 a
e "+ (at 2)B(a)(m> (M) (ryy=e-3

Y= at+4 T\ ’
ert-i—B(a)(M) (M) (Ft)iaiz
8 _F(%a+3) -
(&= iars) (529
o
HatHT(@+ T 5+1] [ s
So= —(—) , (5.30
16w2ﬁr(%+g) MM
R
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c=— " >0, (5.31)
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EVOLUTION OF BARYON ASYMMETRY
3@/8 ___________
10-2’ 9|
0.04 0.025 0.01
N N TM,
1 0.1 0.01
™M

PHYSICAL REVIEW D 58 043507

0.04 EVOLUTION OF BARYON:
©. ASYMMETRY
% e
0 Uonsmr |
-0.04¢
"0.08 1 0.1 0.01

™

FIG. 7. Time evolution of the baryon asymmetry. Two cases of
different decay rated/M=0.1,0.01, are compared to the evolu-
tion given by the on-shell contribution alorithe broken ling In
the inset detailed behaviors are stressed.

{2a+3) T(a+1)I'(2a+3) £< T)2a+1

=5/(2a)= ,
52~ 5u(2a) 8m2\m I(a+2) MM
(5.33
1 F 2k?+M? 1
Y= dk . (5.39
' 2m2T270 K2+ M2 gVkP+MAIT_ ¢

The low temperature approximation was not assumed here
for f"(w), hence

- | < (5.39
Yo= dk———. 5.3
0 277'2T3 0 e\/k2+M2/T_1

It can be readily proved by a rescaling argument that both
Y_ and the baryon asymmetig is in direct proportion to
the fundamentaCP parametere. We assume thak<2 as
required for any renormalizable decay interaction.

Some results of numerical integration of the time evolu-
tion equation are presented in Fig. 6 and Fig. 7. The time
evolution fora=0 anda=2 is evidently different, as seen
in Fig. 6. Notably, the final'g vanishes fore=0. This dif-
ference will be understandable analytically, as will be dis-

1
10 FINAL ASYMMETRY
¥
102 s
oNsHELL >
o 0.001 “
o 0.0001 Y
10°°
0.1 1 10 100
n

FIG. 8. Final amount of the baryon asymmetry plotted against

FIG. 6. Comparison of the time evolving baryon asymmetry.(= decay rate/Hubble rate &=M). For comparison the result
The case ofx=0 shown by the solid line and enlarged in the inset based on the on-shell contribution alone is shown by the dashed

gives the vanishing value for the final asymmetry, unlike the

=2 case shown by the dotted line.

line. Those marked by open boxes and circles are results for smaller
decay rated’/M.
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1.2 dYg y 3
% f T ar ~ %Y (539
. DIFFERENT INITIAL
0.6 CONDITION wherec is given by Eq.(5.31). SinceS,o 7 (2«t1)/2
Yz~ constx exr{ —cf dx S(x) (5.39
0 _ _____________________________________ T
1 0.1 0.01 approaches a constant fer>3. Thus, ast—®, Yg ap-
(a) /™M proaches a constant from above, its rate to the asymptote
being of orderO[t~(2#~1’2] 'When =2, the asymptotic
0.8 n=10 - DIFFERENT INITIAL equation forYg is more complicated, but the asymptotic be-
S@/g CONDITION havior of the asymmetry is identical to the case for @

>3z,
On the other hand, foi<3 the integral in the exponent
of Eqg. (5.39 is divergent ast—o, henceYz—0. The

asymptotic behavior is as follow&g=0[e """ “] with
c>0 for a<%, andYg=0[t '] for @=3. In superrenor-
malizable models of the boson-pair decay-0, and this
case gives a vanishing asymptotic baryon asymmetry, unless
10 1 0.1 0.01 bosons in the decay product quickly decay further into ordi-

(b) ™ nary quarks and leptons.

The amount of the generated baryon asymmetry in the
large # limit is of interest, because in the usual treatment of
initially thermal abundance given by the solid line is compared tothe out-of-equilibrium condition a very large mass is de-

those of 10 times the thermal valgéhe dotted ling and the zero manded ];cr)]r :rlﬁ( bOf_on ?l:ﬁ t%the On'?h?" lt(;]nemag[g?: It te at
abundancéthe dashed line requires tnal e ratio o € decay rate 1o the Hu e rate a

the temperaturd =M, precisely», should not be too large
jn order to get a sizabl® abundance for the baryon genera-

ratio, approximately given byg=ng/T3, is shown as a tion. More precisely, the on-shell_ Boltznlar;n approach gives
function of 7 in Fig. 8, the ratio of the decay rate to the h€ asymmetry that depends aplike o7~ for a large
Hubble rate aff =M. In all these computations of Figs. 6—8 [13,14. In Fig. 8 we observe that the off-shell effect gives a

the initial X abundance was assumed to be the thermal valud€SS decreasing behavior gsncreases. It would be of some

In Fig. 9 we show how the time evolution is affected by the INterest if one can work out the iafinite limit analytically.
initial condition, taking grossly differert boson abundance , According to the recent analysis of the reheating problem
from the thermal value. In Figs. 6-9 we used for the param&fter inflation it is quite possiblgL5] that the heavX boson
eters given by the underlying theo=1, 5= ¢, c=6, cho- has been created right after the explosive ddd#y} of the
sen t(?be cor)llsistent withytlthPT cor;stzraint 5 ’ inflaton oscillation and prior to the thermalization process. It

: . . . ._is thus of considerable interest to examine the baryogenesis
. The asymptqtlc behavior of solutions to th's. rate equation, ;i assuming the thermal abundance of the heavy boson
differs, depending on whether>3% or a<3. First, let us

assume that the baryon asymmefiy approaches a constant initially. The nonthermal initial condition has been taken in
. ) : : Fig. 9 and for a large enough the final baryon asymmetr
(including O asymptotically ag—oc. The first and the sec- g 9 o y y y

d ion forY. in th b h ! h is seen insensitive to the initial condition.
ond equation fory. in the above set then gives the 1, qymmary, we derived the cosmological time evolution
asymptotic solution;

equation for the abundance of unstable particles, including

2a+4n, the off-shell effect not taken into account in the Boltzmann

(5.36 approach. Application to the baryogenesis problem shows
that the out-of equilibrium condition based on the on-shell
kinematics is changed.

FIG. 9. Dependence of the asymmetry on the ini¥abbun-
dance for differenty values; 0.1(a) and 10(b). Result for the

cussed shortly. The final amount of the baryon to the photo

T

3(a+2) 6Yg
a+3

—

ALY (5.37)
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