
PHYSICAL REVIEW D, VOLUME 58, 043507
Prolonged decay andCP asymmetry
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The time evolution of unstable particles that occur in the expanding universe is investigated. The off-shell
effect not included in the Boltzmann-like equation is important for the decay process when the temperature
becomes much below the mass of unstable particle. When the off-shell effect is taken into account, the thermal
abundance of unstable particles at low temperatures has a power law behavior of temperatureT,
(G/M )(T/M )a11 unlike the Boltzmann suppressede2M /T, with the powera related to the spectral rise near
the threshold of the decay and withG the decay rate. Moreover, the relaxation time towards the thermal value
is not governed by the exponential law; instead, it is the power law of time. The evolution equation for the
occupation number and the number density of the unstable particle is derived, when both of these effects, along
with the cosmic expansion, are included. We also critically examine how the scattering of thermal particles
may affect the off-shell effect to the unstable particle. As an application showing the importance of the
off-shell effect we compute the time evolution of the baryon asymmetry generated by the heavyX boson
decay. It is shown that the out-of equilibrium kinematics previously discussed is changed; this change becomes
considerable for large values ofG/H@1 whereH is the Hubble rate at the temperature equal to theX-boson
mass, while we confirm the previous result for small values ofG/H<1. @S0556-2821~98!02516-8#

PACS number~s!: 98.80.Cq, 05.70.Ln, 11.30.Er
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I. INTRODUCTION

There are many short-lived particles that have existed
abundance in the early universe whose temporary pres
did not leave behind any measurable effect. Important exc
tions to this exist, such as the neutron which certainly is
key for the explanation of the element abundance of
present universe.

A theoretical estimate of the abundance of these unst
particles after the cosmic temperature drops below the m
of the unstable particle is very important for subsequent t
evolution. Most works in the past@1# were based on the
Boltzmann equation that takes into account relevant re
tions in the expanding universe. The use of the Boltzma
equation has however been questioned recently@2#; a more
precise quantum mechanical description of the decay pro
in a thermal medium should contain important off-shell co
tributions not properly treated in the Boltzmann approa
These off-shell effects are eminent in the low temperat
region. Low temperature effects are clearly important in t
problem, since unstable particles are typically very nonre
tivistic when they disappear in the early universe.

In the present work we shall develop a general formali
of computing the time evolution of the net number density
unstable particles and clarify the off-shell effect. The o
shell effect appears in two ways: first, in a slower relaxat
towards the equilibrium abundance and second, in a la
equilibrium value not suppressed by the Boltzmann fac
such ase2DM /T where DM is the mass difference of th
parent and the daughter particles. It is shown below that
off-shell effect becomes dominant below some tempera
Teq. The abundance of unstable particles then follows
power law;n/T3'(G/M )(T/M )a11, wherea is a parameter
related to the threshold behavior of the spectral function
the decay andG is the decay rate. Thus, unstable particles
not disappear suddenly. Instead, their abundance grad
0556-2821/98/58~4!/043507~17!/$15.00 58 0435
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decreases with a power of decreasing temperature as the
verse expands. Physical processes that follow after the d
are then prolonged. The off-shell effect turns out to be m
prominent for a larger decay rate.

We next consider as an illustrative application of this ge
eral result the hypotheticalX boson decay that may hav
created the matter-antimatter asymmetry when they de
@3,4#. We find that the time evolution of the baryon asym
metry is substantially changed and the severe lower boun
the X boson mass is considerably relaxed by the off-sh
effect. For the first time we find that some mode of theX
boson decay for baryogenesis is excluded due to the off-s
effect. This is the S-wave decay mode into a boson-pair.

This paper is organized as follows. In Sec. II the theor
ical model of unstable particle decay is explained. This i
field theoretical extention of the harmonic model for t
quantum dissipation in thermal medium discussed in@2#. We
first present and formally solve the quantum mechan
model of the decay of excited levels in thermal medium.
great virture of this model is that its integrability leads
explicit formulas for many quantities of interest. One c
clearly see how the off-shell effect arises in these formu
Extention to the unstable particle decay in field theory mo
els can be made, but it is in general complicated and
readily solvable. But fortunately, in a thermal medium f
away from the degeneracy limit which is relevant in the ea
universe the decay process is approximately described
this class of solvable quantum mechanical models exten
to infinitely many decay channels. In Sec. III the occupat
number and the number density of a species of unstable
ticles is calculated and its time evolution equation is deriv
in the expanding universe. The stationary abundance w
the cosmic expansion is switched off is worked out, and
behavior at both high and low temperatures is studied
detail. In Sec. IV we pay special attention to the off-sh
effect and its role in cosmology. We also discuss a poss
© 1998 The American Physical Society07-1
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effect of the incoherence due to the scattering off therm
particles and its role to the decay process in thermal medi
In Sec. V we apply previous results to the problem of bar
genesis. The time evolution equation for the baryon asy
metry is derived, including the off-shell effect. This equati
is analyzed both analytically and numerically, and a co
parison is made when only the on-shell contribution is
tained.

II. MODEL OF UNSTABLE PARTICLE DECAY

We first present an exactly solvable model of the decay
excited levels in a thermal medium, an extension being m
to the case of many decay channels. This is a slight exten
of our previous harmonic model@2#. We then explain how
the two-particle decay of unstable particles in any quant
field theory can be approximately described by this class
quantum mechanical models of infinitely many decay ch
nels. The approximation is valid for the thermal medium
the low occupation number, the circumstance far away fr
the degeneracy limit.

We assume that an excited stateu1& of energyE1 is given
by applying a creation operator to the vacuumu0&; u1&
5c†u0&. There are continuously many states degenerate
this, b†(v)u0& as decay states. Herev is the energy of the
continuously many levels. Without specifying the nature
the decay process, one may take the Hamiltonian that g
erns the decay as

H5E1c†c1E
vc

`

dv vb†~v!b~v!

1E
vc

`

dvAs~v!„b†~v!c1c†b~v!…. ~2.1!

Herevc is the threshold of the continuous states taken to
vc,E1, ands(v) characterizes the decay interaction. Th
Hamiltonian is a general one with regard to the decay p
cess, complications being hidden in identification of t
composite operatorb†(v) and the spectral form of interac
tion s(v).

As emphasized elsewhere@5#, the dynamical system thu
specified is exactly solvable; one may explicitly construct
diagonal operator B†(v) and the eigenstate uv&S
5B†(v)u0& that diagonalizes the decay Hamiltonian:

B†~v!5b†~v!1F~v1 i01!S 2As~v!c†

1E
vc

`

dv
As~v!s~v8!

v82v2 i01
b†~v8!D . ~2.2!

HereF(z) is analytic except on the branch cut along the r
axis z.vc and is given by
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F~z!5
1

2z1E12E
vc

`

dv
s~v!

v2z

. ~2.3!

One can explicitly check that the canonical commutat
relation

@B~v!, B†~v8!#5d~v2v8!, ~2.4!

and the important inversion relation and the Hamiltoni
equivalence

b†~v!5B†~v!1E
vc

`

dv8

3
As~v!s~v8!F* ~v81 i01!

v2v81 i01
B†~v8!, ~2.5!

c†52E
vc

`

dvAs~v!F* ~v1 i01!B†~v!, ~2.6!

H5E
vc

`

dv vB†~v!B~v!. ~2.7!

The basic reason of integrability is saturation of the u
tarity relation by an ‘‘elastic’’ one:

F~v1 i01!2F~v2 i01!52p i s~v!uF~v1 i01!u2

[2p i H ~v!. ~2.8!

The quantityH(v) is characterized as the overlap betwe
the prepared statec†u0& and the eigenstateuv&S :

H~v!5u^0ucuv&Su2. ~2.9!

In the weak coupling ofs(v)!M , the spectral function
H(v) has a Breit-Wigner form as seen from the formula

H~v!5
s~v!

„v2E11P~v!…21„ps~v!…2
, ~2.10!

whereP(v) is real and given by the dispersion integral

P~z!5PE
vc

`

dv
s~v!

v2z
. ~2.11!

As is well known, there is a simple pole ofF(z) in the
second Riemann sheet near the real axis which describe
time evolution in the form of the exponential deca
e2 iE1t2Gt/2. The imaginary part of this pole coincides, in th
weak coupling limit, with the decay rate given by perturb
tion theory:G52ps(E1).

Since the operator solution is known, one can explici
write down many quantities of interest; for instance the no
decay amplitude of a pure unstable statec†u0& is given by
7-2
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^1ue2 iHt u1&5^0uc e2 iHt c†u0&

5E
vc

`

dv s~v!uF~v1 i01!u2e2 ivt.

~2.12!

We are primarily interested in the occupation number and
time evolution in the cosmological thermal medium. Let
first recall this quantity in the pure stateuc(t)&5e2 iHt u1& at
time t,

^c~ t !uc†cuc~ t !&5^1ueiHtc†ce2 iHt u1&5^1uc†~ t !c~ t !u1&.
~2.13!

Herec(t)5eiHtce2 iHt is the Heisenberg operator and in th
model

c†~ t !52E
vc

`

dvAs~v!F* ~v1 i01!eivt B†~v!.

~2.14!

More conveniently, it is written in terms of the parent a
daughter operators,

c†~ t !5g~ t !c†1 i E
vc

`

dvAs~v!h~v,t !eivtb†~v!,

~2.15!

g~ t !5E
vc

`

dv H~v!eivt5E
vc

`

dvu^1uv&Su2eivt,

~2.16!

h~v,t !5 i F * ~v1 i01!2 ik~v,t !,

k̇~v,t !5 i e2 ivtg~ t !, ~2.17!

where a conditionk(v,`)50 is imposed such that th
asymptotic value is

h~v,`!5 iF * ~v1 i01!. ~2.18!

The occupation number in the pure state is thus given b

^1uc†~ t !c~ t !u1&5ug~ t !u2. ~2.19!

There is a very useful way@2# to compute the basic func
tion g(t). One can use the analytic property ofF(z) to ex-
press this function as a sum of two contour integrals
shown in Fig. 1; the first one encircling the pole in the se
ond sheet (C0) and the second continuous integral along
complex pathC1;

g~ t !5
1

2p i S EC0

1E
C1

D dz F~z!eizt [g 0~ t !1g1~ t !.

~2.20!

Physically, this second continuous contributiong1(t) gives
the off-shell effect, while the pole contributiong0(t) essen-
tially gives the on-shell effect. Both terms decrease
t→`, but the C1 integral has a power dependence@5# in
04350
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contrast to the exponential form of the pole term;g1(t)
}t2a21, wherea is related to the threshold behavior of th
spectral function,s(v)'c(v2vc)

a, nearv5vc .
There is an equivalent and more intuitive way to separ

the on-shell and the off-shell contributions. For this we
back to thev integral along the real axis,

g~ t !5E
vc

`

dv
s~v!

„v2E11P~v!…21„ps~v!…2
eivt.

~2.21!

Assuming the weak coupling,P(v)!E1, one separates th
region of integration into the two parts, one around the po
v'E12P(E1), and the rest of the region which is dom
nated near the threshold,v5vc , for a large time. This ap-
proximation gives

g~ t ! ' exp@ iE1t2ps~E1!t#1
1

E1
2Evc

Ec
dv s~v!eivt,

~2.22!

whereEc is a physical cutoff scale of orderE1. The first term
is the on-shell contribution, while the second is the off-sh
contribution. In computation of physical quantities in the
mal medium there are other energy scales such as the
peratureT, which may replace this cutoff by the facto
e2v/T. The important message is that the off-shell effect
late times is determined by thev integration near the thresh
old region.

Extention to the many channel problem is straightforwa
We denote the channel by an indexi and write the decay
interaction as

E
vc

`

dv(
i

As i~v!„bi
†~v!c1c†bi~v!…. ~2.23!

Only the key formulas are quoted:

FIG. 1. Contour for thev integral that separates the on-she
contribution (C0) from the off-shell one (C1). The dashed parts ar
in the second Riemann sheet continued via the cut starting from
thresholdvc .
7-3
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Bi
†~v!5bi

†~v!1F~v1 i01!S 2As i~v!c†

1E
vc

`

dv8(
k

As i~v!sk~v8!

v82v2 i01
bk

†~v8!D ,

~2.24!

F~z!5
1

2z1E12E
vc

`

dv

(
i

s i~v!

v2z

, ~2.25!

c†~ t !5g~ t !c†1 i E
vc

`

dv h~v,t !eivt(
i

As i~v!bi
†~v!,

~2.26!

bi
†~v,t !5eiHtbi

†e2 iHt

5eivt
„As i~v! ih~v,t !c†1bi

†~v!…

1As i~v!E
vc

`

dv8

(
k

Ask~v8!bk
†~v8!

v2v81 i01

3„ih~v,t !eivt2 ih~v8,t !eiv8t
…, ~2.27!

g~ t !5E
vc

`

dv(
i

s i~v!uF~v1 i01!u2eivt, ~2.28!

h~v,t !5 i „F* ~v1 i01!2k~v,t !…, ~2.29!

k~v,t !5
1

2p i EC01C1

dz
F~z!

z2v
ei ~z2v!t. ~2.30!

Note that both the analytic functionF(z) and the basicg(t)
are determined by the total strength of the spectral funct

s~v!5(
i

s i~v!. ~2.31!

We now consider the field theory model of unstable p
ticles, denoting the parent particle byc and two-body daugh-
ter particles byb1b2. The decay interaction of the unstab
particle of a momentumqW is given by the Hamiltonian;

H int5E d3k1d3k2

~2p!6
~2p!3d3~qW 2kW12kW2!

3
g

A8v1v2vq

@b1
†~kW1!b2

†~kW2!c~qW !1~H.c.!#,

~2.32!

with g some coupling constant. We may then identify t
decay product operator and the spectral function as
04350
n,

-

(
i

As i~v,qW !bi
†~v,qW !5E d3k1d3k2

~2p!6
~2p!3

3d3~qW 2kW12kW2!d~v2v12v2!
g

A8v1v2vq

b1
†~kW1!b2

†~kW2!,

~2.33!

s~v,qW !52p(
i

s i~v,qW !5E d3k1d3k2

~2p!3
d3~qW 2kW12kW2!

3d~v2v12v2!

g2)
i

~2v i !
Fi

8v1v2vq
(
spins

uMu2,

~2.34!

whereFi51 for fermions andFi50 for bosons. The decay
amplitudeM should be given separately in specific dec
models. This can be thought of an extension of the discre
many~and finite! decay channel problem to the continuous
many ~and infinite! channel problem.

The field theory model of unstable particle decay is n
exactly solvable, because the commutator among the de
product operator,

@b1b2 , b1
†b2

†#516~b1
†b11b2

†b2! ~2.35!

(6 referring to the boson or fermion pair!, is not the can-
nonical one@b,b†#51 as in the quantum mechanical mode
Thus, the composite operatorsbi

†(v,qW ) introduced by Eq.
~2.33! do not obey the canonical commutation relation
crucial to the integrability. But the important case in whic
the bilinear term in the right hand side of the commutator c
be neglected and the replacement is made,

@b1b2 , b1
†b2

†#→1, ~2.36!

is identical to the solvable model in quantum mechani
This occurs in the circumstance under which the therm
medium is very far away from the degeneracy limit. In th
case the occupation numberf i which is the expectation value
of the operatorsbi

†bi in the thermal medium is very sma
( f i!1), and one may neglect the bilinear term in the co
mutator above. Even in the dense, hot early universe of
standard cosmology the low occupation number is realiz
We shall thus fully exploit this approximation in applicatio
to cosmology.

From the definition of the spectral function a relation
the decay rate follows:

s~vq ,qW !5
M

vq

G

2p
, ~2.37!

on the mass shell withv5vq5AM21q2. The factorM /vq
represents the time dilatation effect. Off the mass shell,
7-4
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PROLONGED DECAY ANDCP ASYMMETRY PHYSICAL REVIEW D 58 043507
s~v,qW !5
M

vq
s~Av22qW 2!, ~2.38!

where the spectral function in the right hand sides(v) is the
one in the rest frame.

A choice of the decay model corresponds to a particu
form of the spectral function. For instance, in the fermio
pair ~of equal massm) decay of a scalar bosonw→cc̄ de-
scribed by a Lagrangian density ofL5gwc̄c,

s~v,kW !5
g2

16p2Ak21M2
~v22k2!S 12

4m2

v22k2D 3/2

.

~2.39!

A more general, convenient parametrization of the spec
function that becomes adequate in the temperature rang
T@2m ~the threshold for the decay product pair! is given,
using the decay rateG;

s~v,kW !5
G

2p

M

Ak21M2

~v22k2!a/2

Ma
. ~2.40!

For instance, the gaugeX boson decay into a fermion-pair a
well as the scalarX boson decay given by Eq.~2.39! has this
form with a52, while the HiggsX boson decay into a
boson-pair has this form witha50.

In reality, the spectral function in any non-trivial fiel
theory model is complicated beyond the lowest order of p
turbation. But it turns out that what is important for o
subsequent analysis is the on-shell value of the spectral f
tion given by the decay rateG and its behavior near th
decay threshold, hence the parametera in addition to the
decay rate. The value ofa is dictated by the unitarity relation
for the opening channel, thus is essentially of kinemati
origin. Both intermediate and late time behaviors of the
cay, and important temperature dependent off-shell effe
are described by these two parameters. Hence in a sens
detailed specification of a field theory for the decay is unn
essary.

The occupation number of the unstable particle decay
in vacuum is thus given byug(qW ,t)u2 with

g~qW ,t !5
M

AM21q2Em11m2

`

dv s~Av22q2!

3uF~v1 i01,qW !u2eivt, ~2.41!

wheremi are masses of decay product particles.
We should mention a limitation of our approach. We n

glected in our model Hamiltonian the interaction of unsta
particles with the medium, except the decay interaction. T
guarantees a coherence of the decay and its inverse int
tion and makes it easy to treat the environment effect on
decay process. There may however be an important clas
thermal interactions on the unstable particle; the scatte
off thermal light particles. If the thermal interaction of th
sort is included, it gives rise to an additional term to t
spectral function. In terms of the coupling strength this i
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higher order effect of ordera2T compared to the decay rat
of orderaM . However, this might contribute in the off-she
region. We shall go back to this effect when we discuss
off-shell effect in thermal medium in Sec. IV.

In the field theory of unstable particle decay one needs
perform renormalization. The method of renormalization
explained elsewhere@5# and here we shall write for simplic
ity quantities without renormalization, since in lowest ord
of perturbation renormalization is straightforward.

III. GENERALIZED BOLTZMANN EQUATION

In order to discuss the decay process of unstable parti
that occur in the cosmic thermal medium, one must take i
account the presence of medium and incorporate the inv
process that creates the unstable particle. A thermal envi
ment is described by the density matrix denoted here byr i
and one has to consider how the decay proceeds in
mixed state. For the time being we assume that the chang
the thermal environment is minor and the back reaction
the environment change against the decay and its inv
process is negligible. Later when we extend our analysis
baryogenesis, we incorporate a relevant effect of the envir
ment change.

In the mixed state the occupation number of an exci
level is

f ~ t !5tr„c†~ t !c~ t !r i…. ~3.1!

It is not difficult to show from the operator solution that th
quantity obeys the first order differential equation;

d f

dt
22R

ġ

g
f 5 i E

vc

`

dvAs~v!g* S g1 ivheivt2
ġ

g
heivtD

3^b†~v!c& i1~c.c!1E
vc

`

dvE
vc

`

dv8As~v!s~v8!

3S gh* ~v8,t !e2 ivt1g* h~v,t !eiv8t

1 i ~v2v8!h~v,t !h* ~v8,t !22R
ġ

g
h~v,t !h* ~v8,t ! D

3ei ~v2v8!t^b†~v!b~v8!& i . ~3.2!

We used the notation

^A& i[tr~Ar i !. ~3.3!

Although one can writef (t) in an integrated form, this dif-
ferential equation is more useful when one incorporates
fect of the cosmic expansion. Another advantage of this fo
is that the initial state dependence via^c†c& i is eliminated in
favor of the occupation numberf (t) at any timet. It is how-
ever convenient not to eliminate the initial state depende
7-5
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of environment variables,^b†(v)b(v8)& i , when we later in-
corporate the environment change.

We take the uncorrelated initial state satisfying

^c†c& i5 f ~0!, ^c†b~v!& i50,

^b†~v!b~v8!& i5 f i~v!d~v2v8!. ~3.4!

Although the unstable particle may or may not be in therm
equilibrium at much higher temperatures in the earlier epo
the choice of the uncorrelated initial state seems reasona
because there exists a time lag between the unstable an
decay product particles due to different interaction amo
themselves and with the rest of the environment~not written
in the Hamiltonian above!. We imagine that when unstabl
particles are about to decay, the decay interaction can
keep pace with fast thermal interaction in the bulk of m
dium, hence we assume that the unstable particle has
thermal contact with the medium when we start calculat
of the abundance evolution. In the end of the next section
however estimate how the scattering off thermal partic
may affect the decay law in thermal medium.

Introducing the rate defined by

G~ t ![22R
ġ

g
52

d

dt
lnug~ t !u2 ~3.5!

~which reduces to a constant rateG in the pole dominance
approximation!, one has

d f

dt
1G~ t ! f 5E

vc

`

dv s~v!@2R„g~ t !h* ~v,t !e2 ivt
…

1G~ t !uh~v,t !u2# f i~v!. ~3.6!

It is instructive to first give the time evolution in the na
row width approximation and then explain an improved a
proximation incorporating theC1 integral. Using

g0~ t !'e2Gt/21 iE1t, ~3.7!

one has

2R~g0h0* e2 ivt!22R
ġ0

g0
uh0u2

'
1

~v2E1!21
G2

4

@G„12e2Gt/2cos~v2E1!t…

12e2Gt/2~v2E1!sin~v2E1!t#. ~3.8!

There are oscillatory terms of frequency of'1/(v2E1), but
they are averaged out by thev integration. From Eq.~3.6!
the fundamental equation in thermal medium is found to

d f

dt
52G„f 2 f i~E1!…, ~3.9!
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in the narrow width approximation. Thus, this equation d
scribes the relaxation towards the environment value by
constant rateG.

The evolution equation~3.6! correctly describes the relax
ation process of unstable particle in medium beyond the n
row width approximation. Sinceg(t)→0 and h(v,t) ap-
proaches an equilibrium value ast→`, the stationary value
of the occupation number is

f ~ t !→E
vc

`

dv s~v!uF~v1 i01!u2f i~v![ f ` . ~3.10!

If one takes a thermal distribution for the initial density m
trix,

f `5E
vc

`

dv
s~v!

„v2E11P~v!…21„ps~v!…2
1

ebv21
.

~3.11!

The narrow width approximations(v)!E1 of this gives the
well-known result

f `'
1

ebE121
, ~3.12!

but this form is only approximate and is not a good one
low temperatures. In low temperatures ofT!E1, thev inte-
gral for f ` is dominated by the contribution near the thres
old; taking the form of the threshold rises(v)'c (v
2vc)

a gives

f `'
c

~E12vc!
2Evc

`

dv
~v2vc!

a

ebv21
. ~3.13!

WhenT!vc or T@vc , this further simplifies to

f `'
c G~a11!

~E12vc!
2

e2bvcTa11, for T!vc , ~3.14!

whereG(x) is the Euler’s gamma function, and

f `'
c z~a11!G~a11!

~E12vc!
2

Ta11, for E1@T@vc ,

~3.15!

with z(x) the Riemann’s zeta function. The Boltzmann su
pressed temperature dependence of the occupation nu
e2E1 /T near T5E1 is thus changed to the power behav
Ta11 at low temperatures@2#. What caused this big change
that the full Breit-Wigner shape is cut off effectively at th
temperatureT, since T! the center location of the Breit
Wigner function.

We now turn to the unstable particle decay. The occu
tion number for a modekW is
7-6
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f ~kW ,t !5ug~kW ,t !u2f th~vk!1E dvuh~v,kW ,t !u2

3E d3k1d3k2

~2p!3

g2)
i

~2v i !
Fi

8k1k2vk

3 (
spins

uMu2 f th~k1! f th~k2!d3~kW2kW12kW2!

3d~v2k12k2!. ~3.16!

We took the massless particle for decay products such
v i5ukW i u. The stationary limit of the occupation number
then

f `~kW !5E dvuh~v,kW ,`!u2E d3k1d3k2

~2p!3

g2)
i

~2v i !
Fi

8k1k2vk

3 (
spins

uMu2 f th~k1! f th~k2!d3~kW2kW12kW2!

3d~v2k12k2!. ~3.17!

In the low occupation number limit this is further simpl
fied since

f th~k1! f th~k2!5e2b~k11k2!,

which is replaced bye2bv in the above integrand. It is thu
found that

f `~kW !'E
k

`

dv
s~v,kW !e2bv

~v2vk!
21p2s2~v,kW !

. ~3.18!

Separating the pole and the threshold regions for thisv in-
tegral, one has

f `~kW !'e2bvk1
G ka11

2p Ma12E1

`

dx~x221!a/2e2bk x.

~3.19!

The last integral in this equation is given by the modifi
Bessel function, and in the largek/T limit it behaves as

ka/2e2k/T. ~3.20!

This has a narrower spread of the momentum than of o
AMT for the Maxwell-Boltzmann distribution, and its ave
age is of orderT @actually (a/213)3T using the distribu-
tion, ~3.20!#. We shall later use this fact to simplify the mo
mentum dependence of the effective decay rate at late tim
We plot the momentum distribution given by Eq.~3.19! in
Fig. 2 to compare with the on-shell distribution relevant

low temperatures;e2Ak21M2/T.
04350
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The total number densityn(t) is then obtained by sum
ming the occupation number over modes of various part
momentumkW . In an isotropic medium it is

n~ t !5
1

2p2E0

`

dk k2f ~k,t !. ~3.21!

In general, various quantities in Eq.~3.6! depends onkW . This
dependence is traced to the boost of the parent unstable
ticle. We shall often suppress thekW dependence, unless oth
erwise there is a confusion. The stationary number den
n` is determined usingf ` for f (kW ,t); in the two-particle
decay of equal massm,

n`5
1

2p2E0

`

dk k2E
Ak214m2

`

dv

3
s~v,k!

~v2Ak21M2!21p2s2~v,k!

1

ev/T21
.

~3.22!

Throughout this work we ignored a small part ofP(v); the
residualP(v) that remains after renormalization.

In the low temperature range ofM@T@2m the time di-
latation effect is negligible and

n`'
G

4p3E0

`

dv
1

ebv21
E

0

v

dk k2
~v22k2!a/2

Ma12
.

~3.23!

It is then analytically calculated as

n`

T3
'A~a!

G

M S T

M D a11

,

FIG. 2. Momentum distribution for a temperature and a dec
rate,T50.07 M , G50.01 M . A comparison is made between th

on-shell distribution function,e2Ak21M2/T appropriate at low tem-
peratures, and the off-shell distribution ofa50 anda52. Two of
these distributions should be multiplied by 0.01 to get the corr
values.
7-7
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A~a!5

z~a14!G~a14!GS a

2
11D

16p2ApGS a

2
1

5

2D . ~3.24!

In Fig. 3 we plotted the stationary number density, E
~3.22! combined with the spectral function~2.40!, as a func-
tion of T/M for two values of the decay rateG. Our numeri-
cal computation supports that to a good accuracy the sta
ary number densityn` is given by a sum of the pole and th
threshold contribution;

n`5
1

2p2
E

0

`

dk
k2

e
Ak21M2/T21

1 A~a!
G

M
S T

M
D a11

T3.

~3.25!

This formula is accurate for any temperatureT less thanM if
the decay rateG/M is small enough. But at higher temper
tures the first on-shell term in Eq.~3.25! alone is accurate
and the off-shell power term}Ta14 in this equation should
be discarded.

One may define the equal temperatureTeq as the one at
which the two contributions in this equation, the pole and
threshold contributions, become equal. How this equal te
perature depends on the rateG/M is important, and it is
shown in Fig. 4 for two values ofa. With the on-shell con-
tribution given by

n`'S MT

2p D 3/2

e2M /T, ~3.26!

the equation that determinesTeq is

xa15/2e2x5~2p!3/2A~a!
G

M
, x[

M

Teq
. ~3.27!

for a smallG/M . A rough analytic estimate in theG→0 limit
would be

FIG. 3. Stationary number density given by Eq.~3.22! which is
divided by temperature3 for two values of the decay rate,G/M
50.1,0.01. The dotted lines are calculated using the approxim
formula, Eq.~3.25!, while the broken line is the on-shell contribu
tion alone, the first term in this equation.
04350
.

n-

e
-

Teq

M
'S ln

M

~2p!3/2A~a!G
1S a1

5

2D ln ln
M

~2p!3/2A~a!G
D 21

,

~3.28!

but this expression is accurate only for a very smallG/M , for
instance,G/M,1024 for a50.

We now turn to the time evolution of the occupation num
ber and the number density. The approach towards the
tionary value is governed by the large time limit ofg(t). In
the pole dominance approximation the relaxation is expon
tial in time and fast. On the other hand, the true late ti
behavior is the power law, and this makes complete rel
ation slower@2#.

The effect of the cosmological expansion is readily inc
porated for the number densityn by adding the 3H n term
where the Hubble rate

H5
ȧ

a
5

1

2t
. ~3.29!

We first give the result in the narrow width approximation

dn

dt
13

ȧ

a
n52Ḡ„n2nth~T!…, ~3.30!

nth~T!5
T3

2p2
E

0

`

dx
x2

e
Ax21M2/T2

21
. ~3.31!

We introduced an averaged quantity over the momentum
order to simplify the mode integral;

Ḡ5
1

2p2n~ t !
E

0

`

dk k2 Gk f ~k,t !. ~3.32!

In low enough temperatures this averaging is indeed sim
Ḡ'G, because the time dilatation effect given b
M /AM21k2'12k2/2M is negligible for the slow motion
of parent particles. The equation for the number dens

te

FIG. 4. The equal-temperature at which the on-shell and
off-shell contributions become equal is shown for two values oa
50,2. The dashed and the dotted lines are results of the app
mate formula, Eq.~3.28!.
7-8
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should be combined with the well known temperature-ti
relation in the radiation dominated universe,

t5
dmpl

T2
,

ȧ

a
52

Ṫ

T
, d5A 45

16p3 N
, ~3.33!

with N the number of massless species contributing to
energy density.

In the low temperature region ofT,M the equation is
further simplified by using the Maxwell-Boltzmann distribu
tion function of the zero chemical potential,

e2~M1k2/2M !/T. ~3.34!

A convenient evolution equation is obtained using the
mensionless quantities

Y[
n

T3
, u[

M

T
5AM2t

dmpl
, t [ Gt. ~3.35!

The time scale of variation is given by the lifetimeG21,
hence it is useful to use the dimensionless timet. The evo-
lution equation is then

dY

dt
52~Y2S!, S~u!5S u

2p D 3/2

e2u. ~3.36!

The source term varies asS(At/h), with

h5
dmplG

M2
, u5AGt

h
5At

h
. ~3.37!

Thus,S as a function oft has a maximum aroundt5h. The
meaning of the quantityh is the decay rateG divided by the
Hubble rateH at the temperatureT5M .

One can readily integrate this equation. The solution
the differential equation for the yieldY is

Y~t!5E
t i

t

dt8 SSAt8

h D e2~t2t8!1Y~t i !e
2~t2t i !.

~3.38!

The first term gives the yield created from the thermal m
dium. Fort@1, namely at times much larger than the lif
time, t@1/G, the dominant region of thet8 integral is t
2t8,1 and the integral gives

Y~t!'SSAt

h D . ~3.39!

This is in general valid unlessh,hcr , where the critical
valuehcr5

1
12 . The yieldY thus roughly follows the therma

valueS(T).
There is some lesson one can learn on the more gen

case of the mode independentG(t)52(d/dt)lnugu2, from
this calculation in the pole dominance approximation. It
obvious that even for the more general case the genera
lution to the mode-summed form of Eq.~3.6! extended to the
expanding universe is given by
04350
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Y~ t !5ug~ t !u2S E
t i

t

dt8
G~ t8!S~ t8!

ug~ t8!u2
1Y~ t i !

1

ug~ t i !u2D ,

~3.40!

where the source termS(t) is given by

1

2p2T3G~ t !
E

0

`

dk k2E
vc

`

dv@2R„g~ t !h* ~v,kW ,t !e2 ivt
…

1G~ t !uh~v,kW ,t !u2#
s~v,kW !

ebv21
. ~3.41!

The stationary value of this source termS(t) at t→` is

S`5
n`

T3
, ~3.42!

wheren` is given by Eq.~3.22!. Actually, this quantity is not
stationary, since the temperatureT gradually changes with
the cosmological expansion.

When the rateGk does depend on the momentumk, the
solution forY cannot be given in a simple closed form su
as Eq.~3.40!.

IV. OFF-SHELL EFFECT

The off-shell effect appears in two ways; first, in th
slower time dependence of relaxation (ugu}t2a21), and sec-
ond, in a larger source term (S}Ta11 at small temperature
T). Both are related to the threshold behavior of the spec
function,s } (v2vc)

a.
We found elsewhere@5# that adding a power termg1(t) to

the pole termg0(t) is an excellent approximation forg(t) in
the entire time range, unless one looks into the very sh
time region of relaxation. The power law period is repr
sented by

g1~ t !5
i cG~a11!

Q2ta11
ei ~vct1pa/2!,

k1~v,t !52 i E
t

`

dt8g1~ t8!e2 ivt8, ~4.1!

where s(v)'c(v2vc)
a near the threshold andQ5M

2vc . With this power behavior, the rateG(t)5
2(d/dt)lnug(t)u2 is '2(a11)/t. The final yieldY5n/T3 is
then of order,S`}(G/M )(T/M )a11. Thus, the yield does
not decrease as rapidly as might have been expected from
exponential decay law, but it decreases with a power,Ta11

}t2(a11)/2.
A complication arises when one incorporates depende

on the particle momentum. This effect appears in two wa
first, in the time dilatation of the lifetimevk /M and second,
in the functiong(k,t). The time dilatation effect is negligible
if one only considers the temperature range ofT,M ~the
mass of unstable particle!. We shall thus discuss the mome
tum dependence of the off-shell contribution tog; g1(k,t). In
7-9
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the C1 contour integral of Fig. 1 one has an approxima
expression of the form, withvc5k,

g1~k,t !' i
eikt

M2E0

`

dy s~k1 iy ,k!e2yt. ~4.2!

We then use the spectral form~2.40! or its low temperature
approximation,

s~v,k!'
G

2p

~v22k2!a/2

Ma
, ~4.3!

to get

g1~k,t !' i ~2i !a/2GS a

2
11D G

2p

ka/2eikt

Ma12ta/211
. ~4.4!

An approximate evolution equation is summarized us
the dimensionless time variable,t [Gt, and the time-
temperature relationT/M5Ah/t,

dY

dt
52E

0

` dk k2

2p2T3
g~k,t !S f k~ t !

2E
k

`

dv
s~v,k!

~v2vk!
21~G/2!2

1

ebv21
D , ~4.5!

Y5
1

T3E0

`dk k2

2p2
f k~ t !, ~4.6!

g~k,t !522R_
d

G dt
ln„g0~ t !1g1~k,t !…

52

d

G dt
ug0~ t !1g1~k,t !u2

ug0~ t !1g1~k,t !u2
. ~4.7!

Thus, the momentum dependenceg1(k,t) is convoluted
with other momentum dependent functions in thekW integral.
In low temperatures the most important part of this mom
tum dependence is in the spectral functions(v,k) which
vanishes at the threshold,vc5k for the massless daughte
particles. In some sample numerical computations that
clude the phase factor ing1(k,t), we observe oscillatory be
haviors around the transition time from the pole to the pow
period that occurs at'Teq given by Eq.~3.28!. In the rest of
the time region the yieldY smoothly varies, and it is very
well described by using a simplified effective rate,

g~k,t !→ḡ~k,t !52

d

G dt
„ug0~ t !u21ug1~k,t !u2…

ug0~ t !u21ug1~k,t !u2
.

~4.8!

The oscillatory behavior in the transition region ge
smoothed and approachesḡ given above when one time av
04350
g

-

-

r

erages the rate and increases the resolution timeDt towards
the lifetime 1/G. Moreover, the late time behavior is inse
sitive to whether one uses the exact rateg(k,t) or the effec-
tive rateḡ(k,t) above. It is thus a reasonably good appro
mation to use the average rate~4.8!.

In a still further simplification one may neglect the m
mentum dependence inug1(k,t)u2}ka and replace the mo
mentum by its average in low temperatures;ka→O@1#3Ta.
The relationkā}Ta is consistent with the late-time momen
tum distribution of the stationary occupation numberf `(kW ),
as discussed in Eq.~3.20!. We have checked that the follow
ing crude rate equation,

dY

dt
52g~Y2Y02S0!, ~4.9!

g5

e2Gt1~a12!B~a!S G

M D a14S T

M D a

~Gt !2a23

e2Gt1B~a!S G

M D a14S T

M D a

~Gt !2a22

,

~4.10!

Y05
1

2p2T3
E

0

`

dk
k2

e
Ak21M2/T21

, ~4.11!

S05

z~a14!G~a14!GS a

2
11D

16p2ApGS a

2
1

5

2D
G

M S T

M D a11

,

~4.12!

is a reasonably good approximation. We may useB(a)

5G( 3
2 a13)/G( 1

2 a13), sincekā5B(a)Ta for the late-time
distribution function already discussed. The source term
separated into the on-shell contributionY0 plus the off-shell
contributionS0.

There is a second temperatureT* or time at which the
off-shell effect becomes conspicuous. This is the time wh

the two terms ofg(t) becomes equal;ug0(t)u25ug1(k,t)u2.
Using the formula above, one gets in theG→0 limit

T*
M

'A h

~a14!ln
M

G

. ~4.13!

Unlessh is small@roughly h,1/ln(M/G)#, T* .Teq usually.
The transitional period then lasts for a while atT* .T
.Teq. Thus,T* is the temperature at which the slower d
crease of the remnant becomes apparant, whileTeq is the one
at which the larger source term becomes visible.

The late time limit of solution to this equation can b
analytically worked out. Since the on-shell source termY0 is
exponentially small at late times whenT,Teq,

dY

dt
'2

a12

t
~Y2S0!. ~4.14!
7-10
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This equation is readily solvable, and in thet→` limit

Y→
2a14

a13

n`

T3
5

2a14

a13
A~a!

G

M S T

M D a11

. ~4.15!

This asymptotic form becomes relevant, starting atT5Teq.
We show some numerical results in Fig. 5 and comp

with the simple analysis. Besidesa, important parameters in
the time evolution are the rateG/M andh that appears in the
time-temperature relation~3.37!. It is clearly seen that the
yield Y5n/T3 is accurately given by the on-shell formula
high temperatures and by the power law formula~4.15! at
low temperatures, with a transition region atT/M
'(several310)21.

One may summarize this result, by saying that the ti
evolution gives the yieldY(t), starting from the stationary
value S`(T) at high temperatures and ending at (2a
14)/(a13)S`(T) at low temperatures. The transient tem
perature is characterized by the temperature of orderTeq
2T* and the yield below this temperature follows

Y'YeqS T

Teq
D a11

. ~4.16!

Importance of the off-shell effect is measured by ho
close the temperature Max(T* ,Teq) for the onset of the off-
shell effect is to the temperarure scale for the decay. T
temperature is estimated as follows. One first definesTd by
G5H(Td), which givesTd5AhM . We then discuss two

FIG. 5. Time evolution of the yieldY5n/T3 for different values
of h; 0.1 ~a! and 1 ~b! and for different decay rates,G/M
50.1,0.01. For comparison the on-shell evolution~the broken line!
and the late time form, Eq.~4.15! ~the dotted line! are shown.
04350
e

e

is

cases separately. First, ifh>1, Td>M and the decay and its
inverse decay frequently occur at temperatures betweenTd
and the thresholdM , maintaining the thermal abundanceY
5Y0. At T<M the inverse decay is less frequent than t
decay and there is a Boltzmann suppressione2M /T until the
temperature decreases down toT* . ~In the case ofh>1,
T* .Teq always.! Thus, the importance of the off-shell effec
is measured by how large is the quantity,

T*
M

'A h

ln~M /G!
, ~4.17!

if this number is less than unity. It however often happe
thath@1 is huge andT* @M>Teq, as it occurs for instance
in the top and the weak boson decay. In this case a
measure of the off-shell importance is given by how lar
the value ofTeq/M'1/(ln M/G) is.

On the other hand, ifh!1, thenTd!M , and the decay
does not occur untilT<Td , much below theQ value. In this
case the off-shell importance is determined by how large

Max~Teq,T* !

Td

5MaxS 1

Ah ln
M

G

,
1

Aln
M

G

D ~4.18!

is.
In these two cases of both large and smallh, a large

decay constant of for example,G/M5121022, is expected
to give a large off-shell effect irrespective of theh value.
This is physically reasonable since for a large coupling
narrow width approximation is expected to break down.

We now turn to the scattering effect mentioned in Sec.
We first give a crude estimate and later elaborate more qu
titatively. The loss of coherence due to the scattering
thermal particles occurs in an inverse time scale of orde

ss'nth~T!
vS

2p
, ~4.19!

wherevS is the averaged cross section of the scattering
teraction with the thermal medium. This gives a new term
the spectrals of order

ss'
4~2s11!z~3!

3p2

as
2T3

M2
, ~4.20!

where as is the strongest dimensionless coupling with t
medium and 2s11 is the spin degrees of freedom. We too
the Thomson type cross section}as

2/M2. This is a small
addition to the on-shell rateG/2p, due to the extra coupling
factor and the temperature suppression. More important i
possible contribution to the late-time and the low
temperature region. Its contribution to the occupation nu
ber in the stationary limit,

d f `'
1

M2Evc

`

dv sse
2bv, ~4.21!
7-11
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gives

d f `'
4~2s11!z~3!

3p2
as

2S T

M D 4

. ~4.22!

We have so far ignored the momentum dependence o
spectral functionss(v,qW ). Indeed, the above estimate of th
spectral function is valid only near the mass shell. The c
rect formula including the off-shell contribution is

ss~v,qW !5
vSs

2p E d3k

~2p!3
e2bku„v1k2A~kW1qW !21M2

….

~4.23!

This gives to the stationary number density an extra off-s
term for the scattering effect,

dn`5
1

M2E d3q

~2p!3E dv e2bv ss~v,qW !

'
2

3
vSsMT nth~T!. ~4.24!

This formula is valid only when deviation from the therm
distribution is small. Compared to the on-shell valuenth , this
dn` is smaller by a factoras

2(T/M ). Thus, when the off-
shell contribution of order, (G/M )(T/M )a11T3, dominates
over the on-shell valuenth , the scattering effect to the sourc
term S may be ignored.

The scattering effect also gives a new late-time contri
tion;

E d3q

~2p!3
dg~qW ,t !5

1

M2E d3q

~2p!3E dv ss~v,qW !eivt

'
2~2s11!

3p2
as

2 T

M2 t
nth , ~4.25!

to be compared to the previous off-shell contribution,

E d3q

~2p!3
ug1~qW ,t !u'

G

2pS T

M D a/413/2 M2

~Mt !a/211
.

~4.26!

Note thatnth(T),(G/M )(T/M )a11T3 in the temperature re
gion of our interest. Thus, the scattering effect appears n
ligible, because the temperature inequality usually obeye

T

M
, OF S G

has
2 M

D 1/3G , ~4.27!

gives a smaller late-time contribution than Eq.~4.26!.
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V. SPECIES EVOLUTION EQUATION
AND BARYOGENESIS

It is of great interest if one can predict consequences
the modified abundance of unstable particles during their
cay that become permanently imprinted in the rest of
cosmic evolution. In this respect it is important to clarify
possible change of the thermal environment due to the de
The mere increase of the total number of decay product
hardly recognizable in thermal medium. One should exam
a more detailed distribution of particle species in the proc
of unstable particle decay. As an important example of t
class, we shall discuss baryogenesis in a simplified mod

To this end we need to introduce several decay mo
distinguished by a flavor indexj of the continuous state
bj

†(v)u0&. In the problem of baryogenesis we think of man
channels of different baryon numbers such as the diqu
(qq) and the quark-lepton pair (q̄ l̄ ), considering the decay
of anti-X boson along with theX-boson. It is presumably
better to consider channels of differentB2L such asN

→ lH̄ , l̄ H ~whereN is a heavy right-handed Majorana ne
trino, andH is the Higgs doublet!, in view of that the baryon
and the lepton numbers are redistributed at lower temp
tures by the baryon nonconserving electroweak proc
keepingB2L unchanged@6–9#.

The basic assumption taken in estimating the environm
change is that there exists baryon conserving strong inte
tion among environment particles such that the kinetic eq
librium among them is readily established, leading to t
environment particle distribution described by a thermal d
tribution function of a finite chemical potentialm associated
with the baryon number,

^bj
†~v!bj~v!& i5

1

eb~v2a jm!21
. ~5.1!

Herea j is the baryon number of the speciesj . In subsequent
application to baryogenesis the limit of a small chemic
potential is relevant. Thus,

^bj
†~v!bj~v!& i'S 12a jm

d

dv D 1

ebv21
. ~5.2!

It is useful to note the conservation of particle number

d

dtS c†~ t !c~ t !1E
vc

`

dv(
j

bj
†~v,t !bj~v,t ! D 50, ~5.3!

which holds as an operator identity. It is easy to confirm t
if

^bj
†~v!bk~v8!& i}d jkd~v2v8!,

d

dtEvc

`

dv(
j

^bj
†~v,t !bj~v,t !&→0, ~5.4!

as t→`, but a net baryon number may be generated, sin
7-12
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d

dtEvc

`

dv(
j

a j^bj
†~v,t !bj~v,t !&Þ0. ~5.5!

One can write down a set of time evolution equation
each species along with the one of the parent unstable
ticle. These equations are not particularly illuminating. W
shall directly work out the situation relevant to baryogene
In this problem the environment is gradually changed by
presence of a small chemical potential associated with
baryon number. We imagine that the bulk of thermalizat
processes not included in the decay interaction conserve
baryon number, and the time variation of the net bary
number is driven by the asymmetry generated by the
decay ofX and X̄. One thus expands in power series of t
small chemical potential and identify the baryon numb
density of the thermal environment;

nB5
1

2p2E0

`

dk k2(
j

S a j

eb~vk2a jm!21
1~a j→2a j !D

'2
m

p2(j
a j

2E
0

`

dk k2
d

dvk

1

ebvk21
. ~5.6!

Furthermore, we only consider for simplicity the case
many decay modes whose rates differ only in the ove
po
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partial rate,s j (v)5g j s(v), where the species independe
s(v) is the total spectral function common toX and X̄ due
to theCPT theorem. Thus( jg j5( j ḡ j51. This approxima-
tion is excellent if the decay products are much lighter th
the unstable particle, as it happens in theX decay into ordi-
nary fermions. The fundamental baryon asymmetrye when a
pair of X andX̄ bosons decay arises via a combined effect
baryon nonconservation andCP violation @10# such that for
some partial ratesg jÞḡ j . It is given by

e [(
j

a j~g j2ḡ j !. ~5.7!

We consider both the fermion-pair decay@11# and the boson-
pair decay@12# of X boson. It is thus convenient to param
etrize the spectral function as in Eq.~2.40!,

s~v,k!5
G

2p

M

vk

~v22k2!a/2

Ma
, ~5.8!

where a52 for the fermion-pair decay anda50 for the
boson-pair decay.

To lowest order of the asymmetrye and the chemical
potentialm, the basic evolution equation is
S d

dt
13

ȧ

a
D nB5E

0

`dk k2

2p2 S Gk~ t !S e

2
~ f X1 f X̄!1

d

2
~ f X2 f X̄! D2eE

vc

`

dv s~v!@Gk~ t !uh~v,t !u2

12R„g~ t !h* ~v,t !e2 ivt
…# f th~v!1

md2

2 E
vc

`

dv s~v!@Gk~ t !uh~v,t !u212R„g~ t !h* ~v,t !e2 ivt
…#

d f th~v!

dv

12mS (
j

a j
2~g j1ḡ j !2

d2

2 D E
vc

`

dv s~v!Rh~v,t !
d f th~v!

dv D , ~5.9!

S d

dt
13

ȧ

a
D ~nX1nX̄!5E

0

`dk k2

2p2 S 2Gk~ t !~ f X1 f X̄!12E
vc

`

dv@Gk~ t !uh~v,t !u212R„g~ t !h* ~v,t !e2 ivt
…#s~v! f th~v! D ,

~5.10!

S d

dt
13

ȧ

a
D ~nX2nX̄!5E

0

`dk k2

2p2 S 2Gk~ t !~ f X2 f X̄!2mdE
vc

`

dvs~v!@Gk~ t !uh~v,t !u212R„g~ t !h* ~v,t !e2 ivt
…#

d f th~v!

dv D .

~5.11!
In
Here

f th~v!5
1

ebv21
~5.12!

is the thermal occupation number for the zero chemical
tential and
-

d5(
j

a j~g j1ḡ j !. ~5.13!

We first consider the pole dominance approximation.
this approximation a simple relation,

Rhp5RS 2
ġ

g
uhu21gh* e2 ivtD

p

, ~5.14!
7-13
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holds. Using the relation of the baryon number density a
the chemical potential,

nB5
1

3(j
a j

2mT2, ~5.15!

the relevant evolution equation is

S d

dt
13

ȧ

a
D nB5e G~n12n0

th!1Gd n22
K

2
G

n0
th

T3
nB ,

~5.16!

S d

dt
13

ȧ

a
D n152G~n12n0

th!, ~5.17!

S d

dt
13

ȧ

a
D n252Gn21

d̃G

2

n0
th

T3
nB , ~5.18!

n0
th5S MT

2p D 3/2

e2M /T, ~5.19!

n15E
0

`dk k2

4p2
~ f X1 f X̄!, n25E

0

`dk k2

4p2
~ f X2 f X̄!,

~5.20!

K5

6(
j

a j
2~g j1ḡ j !

(
j

a j
2

. 0, d̃ 5
3d

(
j

a j
2

. ~5.21!

We simplified the equation, using the condition of very lo
temperature,T!M . In the numerical computation below, w
allow the temperature region,T'M .

Since the bulk of the cosmic medium is in thermal eq
librium, the usual temperature-time relation~3.33! holds.
One can then integrate the equation for the average num
density ~5.17!, which gives a source termYS to the rest of
equations;

YS~t![h3/4
nX2n0

th

T3

5~2p!23/2S e2tE
t i

t

dx x3/4ex2Ax/h2t3/4e2At/hD
1h3/4e2~t2t i !S n1

T3 D
i

, ~5.22!

dYB

dt
52

K

2
Y0YB1dY21e h23/4YS , ~5.23!

dY2

dt
52Y21

d̃

2
Y0 YB , ~5.24!
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YB[
nB

T3
, Y2[

n2

T3
, Y0[

n0
th

T3
. ~5.25!

Solutions to this approximation will be compared to a mo
precise numerical result.

A comparison with previous works@13,14# reveals some
differences. In our treatment two-body process
bj

†(v)u0&↔bk
†(v)u0& are not included.~In the terminology

of @13# this corresponds to the off-shell two-body contrib
tion and their on-shell two-body term is automatically i
cluded in our approach, too.! This is a higher order effect
hence was neglected in the present work. The major dif
ence absent in the past work and included here is howe
the off-shell effect, as will be discussed shortly.

An improved, but a still simple approximation that inco
porates the power law period of decay is to add the t
contributions in the exponential and the power law perio
incoherently, ignoring the interference between the pole
the power terms. This introduces a time, or temperature
pendence of the rateG(t) that includes the off-shell effect.

Another simplification is necessary for a practical comp
tation of momentum integrals containing the momentum
pendent effective rate and the time dilatation factor. It is n
difficult to partially include the momentum dependence
quantities such as

E
0

`dk k2

2p2
ḡ~k,t !E

k

`

dv
s~v,k!

~v2vk!
21„ps~v,k!…2

1

ebv21
.

~5.26!

Indeed we did perform these momentum integrations in
numerical analysis. But unless the integro-differential eq
tion for the occupation number, instead of the ordinary d
ferential equation for the number density, is directly solve
it is difficult to deal with the momentum dependence in t
convolution integral containingf X and f X̄ in Eqs. ~5.11!.
This is because these distributions are unknown before
know the complete answer to the problem, which is a form
dable task. Thus, we made a replacement of the momen
factor by a temperature factor in those terms containingf X
and f X̄ :

ka→
G~ 3

2 a13!

G~ 1
2 a13!

Ta, ~5.27!

using the momentum distribution function relevant at la
times.

It turns out that the rest of the detailed momentum dep
dence integrated numerically is not crucial; its variation on
changes the transient time dependence around the tem
ture T* and quantities in the rest of the time region a
insensitive to this momentum dependence. We there
write down a simplified rate equation replacing the mome
tum dependence by its average above. In terms of the
numberY6[n6 /T3 and the rescaled timet [Gt,
7-14
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dY1

dt
52g~Y12Y02S0!, ~5.28a!

dY2

dt
52gS Y22

d̃

2
~Y11S1!YBD , ~5.28b!

dYB

dt
5gS eY11dY22e~Y01S0!

2
dd̃

2
~Y11S1!YBD 2c~Y11S2!YB , ~5.28c!

g5

e2Gt1~a12!B~a!S G

M D a14S T

M D a

~Gt !2a23

e2Gt1B~a!S G

M D a14S T

M D a

~Gt !2a22

,

B~a!5
G~ 3

2 a13!

G~ 1
2 a13!

, ~5.29!

S05

z~a14!G~a14!GS a

2
11D

16p2ApGS a

2
1

5

2D
G

M S T

M D a11

, ~5.30!

c5

3S (
j

a j
2~g j1ḡ j !2

d2

2 D
(

j
a j

2
. 0, ~5.31!

S15S1~a!5
z~a13!

8p2Ap

GS a

2
11DG~a13!

GS a

2
1

3

2D
G

M S T

M D a11

,

~5.32!

FIG. 6. Comparison of the time evolving baryon asymmet
The case ofa50 shown by the solid line and enlarged in the ins
gives the vanishing value for the final asymmetry, unlike thea
52 case shown by the dotted line.
04350
S25S1~2a!5
z~2a13!

8p2Ap

G~a11!G~2a13!

G~a1 3
2 !

G

M S T

M D 2a11

,

~5.33!

Y15
1

2p2T2
E

0

`

dk
2k21M2

Ak21M2

1

e
Ak21M2/T21

. ~5.34!

The low temperature approximation was not assumed h
for f th(v), hence

Y05
1

2p2T3
E

0

`

dk
k2

e
Ak21M2/T21

. ~5.35!

It can be readily proved by a rescaling argument that b
Y2 and the baryon asymmetryYB is in direct proportion to
the fundamentalCP parametere. We assume thata<2 as
required for any renormalizable decay interaction.

Some results of numerical integration of the time evo
tion equation are presented in Fig. 6 and Fig. 7. The ti
evolution fora50 anda52 is evidently different, as see
in Fig. 6. Notably, the finalYB vanishes fora50. This dif-
ference will be understandable analytically, as will be d

.
t

FIG. 8. Final amount of the baryon asymmetry plotted againsh
~5 decay rate/Hubble rate atT5M ). For comparison the resul
based on the on-shell contribution alone is shown by the das
line. Those marked by open boxes and circles are results for sm
decay ratesG/M .

FIG. 7. Time evolution of the baryon asymmetry. Two cases
different decay rates,G/M50.1,0.01, are compared to the evol
tion given by the on-shell contribution alone~the broken line!. In
the inset detailed behaviors are stressed.
7-15
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cussed shortly. The final amount of the baryon to the pho
ratio, approximately given byYB5nB /T3, is shown as a
function of h in Fig. 8, the ratio of the decay rate to th
Hubble rate atT5M . In all these computations of Figs. 6–
the initial X abundance was assumed to be the thermal va
In Fig. 9 we show how the time evolution is affected by t
initial condition, taking grossly differentX boson abundance
from the thermal value. In Figs. 6–9 we used for the para
eters given by the underlying theory,d5 1

3 , d̃5 9
5 , c56, cho-

sen to be consistent with theCPT constraint.
The asymptotic behavior of solutions to this rate equat

differs, depending on whethera. 1
2 or a< 1

2 . First, let us
assume that the baryon asymmetryYB approaches a constan
~including 0! asymptotically ast→`. The first and the sec
ond equation forY6 in the above set then gives th
asymptotic solution;

Y1→
2a14

a13

n`

T3
, ~5.36!

Y2→
3~a12!

a13

dYB

(
j

a j
2

S1 . ~5.37!

Both Y6}(G/M )(T/M )a11}t2(a11)/2. The asymptotic
equation forYB differs, depending on whetheraÞ2 or a
52. We shall first discuss the simpler case ofaÞ2. The
equation for the asymmetry in this case is

FIG. 9. Dependence of the asymmetry on the initialX abun-
dance for differenth values; 0.1~a! and 10 ~b!. Result for the
initially thermal abundance given by the solid line is compared
those of 10 times the thermal value~the dotted line! and the zero
abundance~the dashed line!.
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n

e.

-

n

dYB

dt
'2c S2 YB , ~5.38!

wherec is given by Eq.~5.31!. SinceS2}t2(2a11)/2,

YB'const3expF2cE
t0

t

dx S2~x!G ~5.39!

approaches a constant fora. 1
2 . Thus, ast→`, YB ap-

proaches a constant from above, its rate to the asymp
being of orderO@ t2(2a21)/2#. When a52, the asymptotic
equation forYB is more complicated, but the asymptotic b
havior of the asymmetry is identical to the case for 2.a
. 1

2 .
On the other hand, fora< 1

2 the integral in the exponen
of Eq. ~5.39! is divergent ast→`, hence YB→0. The
asymptotic behavior is as follows:YB5O@e2cGt1/22a

# with
c.0 for a, 1

2 , andYB5O@ t2cG# for a5 1
2 . In superrenor-

malizable models of the boson-pair decaya50, and this
case gives a vanishing asymptotic baryon asymmetry, un
bosons in the decay product quickly decay further into or
nary quarks and leptons.

The amount of the generated baryon asymmetry in
largeh limit is of interest, because in the usual treatment
the out-of-equilibrium condition a very large mass is d
manded for theX boson due to the on-shell kinematics@4#: it
requires that the ratio of the decay rate to the Hubble rat
the temperatureT5M , preciselyh, should not be too large
in order to get a sizableX abundance for the baryon gener
tion. More precisely, the on-shell Boltzmann approach giv
the asymmetry that depends onh like }h21.2 for a largeh
@13,14#. In Fig. 8 we observe that the off-shell effect gives
less decreasing behavior ash increases. It would be of som
interest if one can work out the infiniteh limit analytically.

According to the recent analysis of the reheating probl
after inflation it is quite possible@15# that the heavyX boson
has been created right after the explosive decay@16# of the
inflaton oscillation and prior to the thermalization process
is thus of considerable interest to examine the baryogen
without assuming the thermal abundance of the heavy bo
initially. The nonthermal initial condition has been taken
Fig. 9 and for a large enoughh the final baryon asymmetry
is seen insensitive to the initial condition.

In summary, we derived the cosmological time evoluti
equation for the abundance of unstable particles, includ
the off-shell effect not taken into account in the Boltzma
approach. Application to the baryogenesis problem sho
that the out-of equilibrium condition based on the on-sh
kinematics is changed.
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